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Abstract
We consider a class of eight derivative interactions in the effective action of type IIB
string theory compactified on T 2. These 1/2 BPS interactions have moduli dependent
couplings. We impose the constraints of supersymmetry to show that each of these
couplings satisfy a first order differential equation on moduli space which relate it to
other couplings in the same supermuliplet. These equations can be iterated to give
second order differential equations for the various couplings. The couplings which only
depend on the SO(2)\SL(2,R) moduli satisfy Laplace equation on moduli space, and
are given by modular forms of SL(2,Z). On the other hand, the ones that only depend
on the SO(3)\SL(3,R) moduli satisfy Poisson equation on moduli space, where the
source terms are given by other couplings in the same supermultiplet. The couplings
of the interactions which are charged under SU(2) are not automorphic forms of
SL(3,Z). Among the interactions we consider, the R4 coupling depends on all the
moduli.
1email address: anirbanbasu@hri.res.in
1 Introduction
Constructing the low energy effective action of string theory in a certain background yields
detailed information about the various symmetries of the theory. The degrees of freedom
of the effective action are the various massless modes of the theory. Though in general, it is
difficult to calculate the effective action, there are certain cases where a class of terms can
be calculated exactly. Of course, this turns out to be possible because of the large amount
of symmetry the theory possesses. In this paper, we shall be concerned with a particular
example of this class of theories. We shall consider type II string theory compactified on T 2,
which has maximal supersymmetry and is conjectured to have an exact SL(2,Z)×SL(3,Z)
symmetry [1, 2]. The SL(3,Z) symmetry is a symmetry of the action, while the SL(2,Z)
symmetry is a symmetry of the equations of motion. Considering M theory on T 3, the
SL(3,Z) has a geometric origin as the group of large diffeomorphisms of the T 3, and
SL(2,Z) arises from the modular transformations of the complexified volume of the T 3.
This theory is a particular example of toroidal compactifications of type II string theory,
which preserves maximal supersymmetry. The moduli space is a coset space H\G, where
G is a non–compact group, and H is the maximal compact subgroup of G [3, 4]2. Non–
perturbative effects break the continuous symmetry to a discrete subgroup of H , which is
the U-duality symmetry of the theory.
The motivation for studying the theory in 8 dimensions arises from the fact that a
certain class of terms in the effective action is known in 10 dimensions, and explicit forms
of the couplings and their non–renormalization properties have been analyzed [5–14]. The
8 dimensional case is the next one in order of complexity. Hence, this is the starting point
for going down to lower dimensions. Our aim is to begin with the action of N = 2, d = 8
supergravity which is obtained by dimensionally reducing d = 11 supergravity on T 3. We
then want to construct a certain set of terms among the various higher derivative corrections
to the supergravity action. The set of terms we want to consider are 1/2 BPS and satisfy
non–renormalization properties, in particular, they receive perturbative contributions only
upto one loop. These terms arise at the 8 derivative level in the effective action. We would
like to use the constraints coming from supersymmetry to obtain equations satisfied by the
moduli dependent couplings of these interactions in the effective action. Various aspects of
2Only for d = 8, the moduli space factorizes into (H1\G1) ⊗ (H2\G2), where each factor satisfies this
property.
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higher derivative corrections in 8 and lower dimensions with maximal supersymmetry have
been analyzed in [15–21], and various properties of the couplings have been deduced. This
has led to explicit expressions for the R4 coupling in lower dimensions in [22, 23].
The effective action we shall construct is one particle irreducible, and hence has infra–red
divergences. However, the equations of motion are duality invariant and coupled with the
constraints of supersymmetry, certain terms are amenable to a detailed analysis. In order
to construct a class of such terms in the effective action, we shall implement the Noether
procedure to the required order in the derivative expansion, also taking into account the
corrected supersymmetry transformations, generalizing the work of [8]. In particular, we
shall use the invariance of the action under supersymmetry. We write the action and
supersymmetry transformations as
S = S(0) +
∞∑
n=3
S(n), δ = δ(0) +
∞∑
n=3
δ(n), (1.1)
where S(0) and δ(0) are the supergravity action and the supersymmetry transformations of
the various fields at the two derivative level, respectively. There are arguments to suggest
that S(1) and S(2) vanish, and consequently so does δ(1) and δ(2). Thus, the first correction
to the supergravity action is given by S(3), and this is the term we want to focus on. Our
convention is that S(n) carries 2n + 2 derivatives. Thus using the Noether procedure, one
has to implement the relations
δ(0)S(n) + δ(n)S(0) +
∑
p+q=n
δ(p)S(q) = 0, (1.2)
upto a total derivative, for n = 0 and n ≥ 3.
We begin with an analysis of the field content and the action of N = 2, d = 8 super-
gravity. This is followed by a discussion of the supersymmetry transformations at the two
derivative level. In the next section, we discuss the issue of gauge fixing the local symmetries
of the moduli space, as well as supersymmetry. We then construct the transformations of
the moduli under U–duality. After that, we focus on the issue of constructing the effective
action beyond the two derivative level. To begin with, we construct a set of higher derivative
terms in the effective action which are 1/2 BPS, starting from on–shell linearized super-
space. We then consider the role of supersymmetry in constraining these higher derivative
couplings. We look at a set of couplings which involves only the U(1)\SL(2,R) moduli, and
another set which involves only the SO(3)\SL(3,R) couplings. We also consider a coupling
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which involves all the moduli. We briefly discuss the systematics of the analysis for lower
dimensions very schematically.
For the couplings which depend only on the U(1)\SL(2,R) moduli, we show that each
coupling satisfies a first order differential equation on the moduli space which relates it to
another coupling. From the explicit structure of the equations, we conclude that each cou-
pling satisfies Laplace equation on moduli space. The couplings are given by automorphic
forms of SL(2,Z) with non–trivial weights, which is determined by the U(1) charges of the
corresponding interactions. The couplings which depend only on the SO(3)\SL(3,R) mod-
uli behave in a more complicated way. These couplings also satisfy first order differential
equations on moduli space which relate it to other couplings. However, the structure of the
equations is such that, it follows that each coupling satisfies Poisson equation on moduli
space, with source terms given by couplings in the same supermultiplet. Furthermore, the
couplings for the interactions which carry non–trivial SU(2) charges are not automorphic
forms of SL(3,Z), but transform in a complicated way.
It follows that supersymmetry does impose very strong constraints on the structure
of the higher derivative corrections. It would be interesting to generalize the analysis to
lower dimensions, and also to look at interactions in the effective action which preserve less
supersymmetry.
2 The field content and the action of N = 2, d = 8 supergravity
Let us first consider the field content of N = 2, d = 8 supergravity [24], which is obtained
by dimensionally reducing d = 11 supergravity [25] on T 3.
2.1 The bosonic degrees of freedom
The bosonic fields are given by
e aµ , L
i
m, L
u
U , A
mU
µ , B
m
µν , Cµνρ. (2.1)
In (2.1), e aµ is the vielbein, and µ, a = 0, . . . , 7, where µ is the world index and a is the
local frame index. There are 7 scalars in the theory which are parametrized by L im and L
u
U
which satisfy
detL im = 1, detL
u
U = 1. (2.2)
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Here L im parametrizes elements of the coset space SO(3)\SL(3,R), and so m = 1, 2, 3
transforms as the 3 of SL(3,R) while i = 1, 2, 3 transforms as the 3 of SO(3). Also L uU
parametrizes elements of the coset space SO(2)\SL(2,R), and so U = 1, 2 transforms as
the 2 of SL(2,R) while u = 1, 2 transforms as the 2 of SO(2). Thus under SL(3,R) and
SO(3) transformations, L im which carries 5 degrees of freedom, transforms as
L im(x)→ Oij(x)L jn (x)Rnm, (2.3)
where O ∈ SO(3), and R ∈ SL(3,R). Similarly, under SL(2,R) and SO(2) transforma-
tions, L uU which carries 2 degrees of freedom, transforms as
L uU (x)→ Nuv(x)L vV (x)SVU , (2.4)
where N ∈ SO(2), and S ∈ SL(2,R). Thus the classical moduli space is(
U(1)\SL(2,R)
)
⊗
(
SO(3)\SL(3,R)
)
. (2.5)
There are 6 abelian gauge fields AmUµ which transform as the (3, 2) of SL(3,R)×SL(2,R),
and 3 two forms Bmµν which transform as the (3, 1) of SL(3,R)×SL(2,R). Finally, the U(1)
invariant (anti)selfdual field strength F±4 , where F4 = dC+ . . ., and G
±
4 which is defined by
ie
4!
G±4µνρλ = ±
∂L
∂F µνρλ±4
, (2.6)
form a doublet
FU±4 =
(
F±4
G±4
)
(2.7)
under SL(2,R), and is uncharged under SL(3,R). Thus the action is invariant under
SL(3,R), while only the equations of motion are invariant under SL(2,R). The theory has
128 bosonic degrees of freedom.
2.2 The fermionic degrees of freedom
Now let us consider the 256 fermionic degrees of freedom in the theory. The fermions of
N = 2, d = 8 supergravity are charged under H , but are uncharged under G of the coset
spaces H\G. Since we are now considering spinors, H is now U(1)× SU(2). We use U(1)
rather than SO(2) for simplicity of manipulations because we shall consider Weyl fermions,
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and SU(2) because spin(3) = SU(2). In order to understand the dimensional reduction in
the fermionic sector under
spin(10, 1)→ spin(7, 1)× SU(2), (2.8)
consider a 32 component Majorana fermion η in d = 11, which we decompose as
η =
(
ψL
ψR
)
=
(
ψL
σ2ψ
∗
L
)
, (2.9)
where ψL and ψR are each 8 component chiral fermions of spin(7, 1) in the 2 of SU(2), and
(σi)
B
A are the Pauli matrices. Thus explicitly,
η =
(
ψLA
ψRA
)
=
(
ψLA
−iǫABψ∗BL
)
, (2.10)
where we have defined
(ψLA)
∗ ≡ ψ∗AL , (2.11)
and
ǫ12 = −ǫ21 = 1, ǫ12 = −ǫ21 = 1. (2.12)
At various places, the spinor indices of SU(2) will be raised and lowered using the
relations
VA = ǫABV
B, V A = −ǫABVB. (2.13)
Our summation convention is
XY ≡ XAYA = −XAY A. (2.14)
The matrices ΓˆAˆ in d = 11 (where Aˆ = 0, 1, . . . , 10 are the frame indices) satisfying
{ΓˆAˆ, ΓˆBˆ} = 2ηAˆBˆ, (2.15)
where our metric has mostly plus signature, decompose as
Γˆa = Γa ⊗ 1,
Γˆi = Γ9 ⊗ σi, (2.16)
where Γ9 is the d = 8 chirality matrix defined by
Γ9 = iΓ
0Γ1 . . .Γ7. (2.17)
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For the Γa matrices, we consider a chiral basis given by
Γa =
(
0 γa
γ¯a 0
)
, (2.18)
where
γaγ¯b + γbγ¯a = 2ηab, (2.19)
and ηab = diag(−,+, . . . ,+). We consider an explicit basis for the γa and γ¯a matrices given
by
γ0 = 1⊗ 1⊗ 1,
γ1 = σ2 ⊗ σ2 ⊗ σ2,
γ2 = 1⊗ σ3 ⊗ σ2,
γ3 = σ3 ⊗ σ2 ⊗ 1,
γ4 = σ2 ⊗ 1⊗ σ3,
γ5 = 1⊗ σ1 ⊗ σ2,
γ6 = σ1 ⊗ σ2 ⊗ 1,
γ7 = σ2 ⊗ 1⊗ σ1, (2.20)
and
γ¯0 = −γ0, γ¯I = γI , (2.21)
for I = 1, . . . , 7. Thus Γ0 is anti–hermitian, while ΓI is hermitian. Also
γ¯a = −γaT , γa∗ = −γ¯a. (2.22)
Note that η in (2.9) satisfies the d = 11 Majorana condition
η = C11η¯
T , (2.23)
where C11 is the d = 11 charge conjugation matrix given by
C11 = 1⊗ 1⊗ 1⊗ 1⊗ σ2, (2.24)
where the factor of σ2 acts on the SU(2) indices. C11 satisfies
C11Γˆ
AˆC−111 = −ΓˆAˆT , (2.25)
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as expected.
Now, it is natural to ask, what kind of fermion is η from the d = 8 point of view? Thus,
we now think of it as a 16 component constrained Dirac spinor, with the SU(2) indices
coming from the extended supersymmetry. To analyze this, we first need to consider a
constrained Dirac spinor of N = 1, d = 8 supersymmetry. This is given by3
ψ =
(
ψL
ψR
)
=
(
ψL
ψ∗L
)
. (2.26)
This satisfies the d = 8 Majorana condition
ψ = C8ψ¯
T , (2.27)
where C8 is the d = 8 charge conjugation matrix given by
C8 =
(−1 0
0 1
)
, (2.28)
which satisfies
C8Γ
µC−18 = Γ
µT . (2.29)
Thus ψ in (2.26) is a pseudo–Majorana fermion4. Now, for the N = 2 theory
ψA =
(
ψLA
ψRA
)
=
(
ψLA
−iǫABψ∗BL
)
, (2.30)
satisfies the condition
ψA = −iǫABΓ9C8ψ¯BT . (2.31)
Thus (2.30) is an SU(2) pseudo–Majorana fermion in the Weyl basis5 (see [28] for example).
To show that we are indeed working in a chiral basis for the N = 2 fermions, consider an
infinitesimal Lorentz transformation in d = 11, under which a Majorana fermion transforms
as
δη =
1
4
ξAˆBˆΓˆ
AˆBˆη. (2.32)
This leads to
δψA =
1
4
(ξabΓ
ab + iξiσ
i) BA ψB, (2.33)
3It follows from the discussion below that ψ∗L does transform as ψR.
4This is called “pseudo” because C8 satisfies (2.29) with a + sign on the right hand side, and not
− [26, 27].
5In general, ǫAB can be replaced by the symplectic form ωAB, leading to Sp(2n) pseudo–Majorana
fermions. This structure for extended supersymmetry is exactly as inN = 2, d = 4 where one has Majorana,
instead of pseudo–Majorana fermions.
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where
ξi = ǫijkξjk. (2.34)
Now, as before, label
ψA =
(
ψLA
ψRA
)
, (2.35)
which satisfies
ψR = Nψ
∗
L. (2.36)
The fact that ψL and ψR have opposite chiralities leads to
N(ξabγ
ab + iξiσ
i)∗N−1 = ξabγ¯
ab + iξiσ
i. (2.37)
Thus
N =Mσ2, (2.38)
where M satisfies
M(γaγ¯b − γbγ¯a)∗M−1 = γ¯aγb − γ¯bγa. (2.39)
Thus N factorizes into the SU(2) part and the spacetime part, and (2.39) is solved by
M = γ0 = −γ¯0 = 1, (2.40)
and so
ψR = σ2ψ
∗
L, (2.41)
as before6. Also note that
Γ9ψL = −ψL, Γ9ψR = ψR. (2.42)
Let us now tabulate the fermions of the N = 2, d = 8 theory. The fermions of negative
chirality are given by
ψµLA, χ
i
LA, λLA. (2.43)
In (2.43), the spin 3/2 gravitini ψµLA transform as the 2 of SU(2), while the spin 1/2
fermions χiLA and λLA transform as the 4 and 2 of SU(2) respectively, and so
σiχ
i
L = 0. (2.44)
Under U(1), ψµLA, χ
i
LA and λLA carry charges 1/2, −1/2, and 3/2 respectively. The positive
chirality fermions are denoted by ψµRA, χiRA and λRA, and are the conjugates of the negative
6This argument also goes through forN = 1 supersymmetry by looking at d = 8 Lorentz transformations,
as there are no internal indices coming from extended supersymmetry
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chirality ones, according to the discussion above. They carry U(1) charges −1/2, 1/2, and
−3/2 respectively. The supersymmetry transformation parameter ǫLA is in the 2 of SU(2),
and carries U(1) charge 1/2, while ǫRA carries U(1) charge −1/2. Thus ψµLA, χiLA, and
λLA carry 160, 64, and 32 degrees of freedom respectively.
For arbitrary fermions ψ1 and ψ2, we define conjugation by
(ψ1ψ2)
† = −ψ†2ψ†1 7. (2.45)
We also make use of the relations
1
2
ψ¯Γµ∂µψ = ψ¯Lγ¯
µ∂µψL = ψ¯Rγ
µ∂µψR,
1
2
ψ¯µΓ
µνρ∂νψρ = ψ¯µLγ¯
µνρ∂νψρL = ψ¯µRγ
µνρ∂νψρR, (2.46)
on using (2.22), and ignoring total derivatives. In (2.46), we have also defined
ψ¯ = ψ†Γ0, ψ¯L = ψ
†
L, ψ¯R = −ψ†R. (2.47)
2.3 Relevant terms in the action
Now let us consider some of the terms in the action which are relevant for our purposes.
They are given by
e−1L(0) = R− 2P ∗µP µ − PµijP µij −
1
4
MUVMmnF
mU
2µν F
µνnV
2 −
1
12
MmnF
m
3µνρ F
µνρn
3
+
i
48
(L 2+
L 1+
F+4µνρλF
+µνρλ
4 −
L 2−
L 1−
F−4µνρλF
−µνρλ
4
)
+4ψ¯µLγ¯
µνρDνψρL + 4χ¯iLγ¯µDµχiL + 2λ¯Lγ¯µDµλL
− 1
48
√
2
[F+µνρσ
L 1+
(
ψ¯λRγ[λγ¯
µνρσγ¯τ ]ψ
τ
L + ψ¯
λ
Lγ¯
µνρσγ¯λλL − χ¯iLγ¯µνρσχiR
)
+
F−µνρσ
L 1−
(
ψ¯λLγ¯[λγ
µνρσγτ ]ψ
τ
R + ψ¯
λ
Rγ
µνρσγλλR − χ¯iRγµνρσχiL
)]
, (2.48)
where the covariant derivatives are defined later. Thus, we get that
G+4µνρσ =
L 2+
L 1+
F+4µνρσ +
i
2
√
2L 1+
(
ψ¯λRγ
[λγ¯µνρσγ¯
τ ]ψτL + ψ¯
λ
Lγ¯µνρσγ¯λλL − χ¯iLγ¯µνρσχiR
)
,
G−4µνρσ =
L 2−
L 1−
F−4µνρσ −
i
2
√
2L 1−
(
ψ¯λLγ¯
[λγµνρσγ
τ ]ψτR + ψ¯
λ
RγµνρσγλλR − χ¯iRγµνρσχiL
)
, (2.49)
7Thus, for example, (ψ¯Lγ¯
µ∂µψL)
† = ψ¯Lγ¯
µ∂µψL upto a total derivative.
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where L U± is defined shortly.
In (2.48), the various field strengths are defined by8
1
2
FmU2µν = ∂[µA
mU
ν] ,
1
3
F3µνλm = ∂[µBνλ]m +
1
2
ǫmnpǫUVA
nU
[µ F
pV
2νλ],
1
4
F4µνλρ = ∂[µCνλρ] +
3
2
(
Bm[µν − ǫmnpA2n[µA1pν
)
Fm12λρ]. (2.50)
We have also defined the (anti)selfdual parts of any 4 form X4 by
X±4 =
1
2
(X4 ± i ∗X4), (2.51)
where9
∗X4abcd = 1
4!
ǫ efghabcd X4efgh. (2.53)
Note that
1
4!
ǫ efghabcd γ
abcd = iγefgh,
1
4!
ǫ efghabcd γ¯
abcd = −iγ¯efgh, (2.54)
leading to
γµνλρX−4µνλρ = γ
µνλρX4µνλρ, γ
µνλρX+4µνλρ = 0,
γ¯µνλρX+4µνλρ = γ¯
µνλρX4µνλρ, γ¯
µνλρX−4µνλρ = 0. (2.55)
Also the SO(3)\SL(3,R) and SO(2)\SL(2,R) moduli are contained in
Mmn = L
i
mL
j
n δij , (2.56)
and
MUV = L
u
U L
v
V δuv, (2.57)
respectively.
8Square brackets are normalized with unit weight.
9We have that
ǫ01...7 = 1, (2.52)
for the frame indices.
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To understand the structure of the kinetic terms of the moduli parametrizing SO(3)\SL(3,R),
consider L which parametrizes the elements of the coset space H\G. We use the Cartan
decomposition (see [29] for example)
− LdL−1 = P +Q, (2.58)
where Q is in H , while P is in H\G. Thus P and Q are invariant under the global
transformation L → LG. Then the kinetic terms for the moduli can be expressed in
terms of P , while Q gives rise to the composite H gauge field. Thus, for the coset space
SO(3)\SL(3,R), we have that
− Lmi∂µL mj = Pµij +Qµij , (2.59)
where Pµij is the symmetric, and Qµij is the anti–symmetric part of the left hand side of
(2.59). Pµij is automatically traceless because detL
i
m = 1.
It is also useful for our purposes to write the kinetic terms for the moduli only in terms
of the matrix M . This is done by noting that
Pµij = −1
2
LmiLnj∂µM
mn, (2.60)
which leads to
− PµijP µij = 1
4
∂µMmn∂
µMmn =
1
4
Tr(∂µM∂
µM−1). (2.61)
To understand the structure of the moduli fields parametrizing SO(2)\SL(2,R), it is
convenient to consider the complex basis
L U± =
1√
2
(L U1 ± iL U2 ), (2.62)
where the subscripts in L U± label the U(1) charges. Thus, we also have that
(L U± )
∗ = L U∓ , ǫUV L
U
− L
V
+ = i. (2.63)
The kinetic term for the moduli can be expressed in terms of the SL(2,R) invariant com-
bination Pµ defined by (it carries U(1) charge 2)
Pµ = −ǫUV L U+ ∂µL V+ , (2.64)
while the composite U(1) gauge field is given by the SL(2,R) invariant combination
Qµ = −ǫUV L U− ∂µL V+ . (2.65)
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Let us consider the transformations of the various fields under infinitesimal U(1)×SU(2)
gauge transformations. Under a U(1) gauge transformation, a field Φq carrying U(1) charge
q transforms as
δΦq(x) = iqΣ(x)Φq(x), (2.66)
and thus the gauge field Qµ transforms as
δQµ = ∂µΣ. (2.67)
Thus the covariant derivative
DµΦq = ∂µΦq − iqQµΦq (2.68)
transforms as
δDµΦq = iqΣDµΦq. (2.69)
To consider SU(2) gauge transformations, let us define
Aµi =
1
2
ǫijkQµjk. (2.70)
Thus under a gauge transformation10
δL mi = −ǫijkθjL mk , (2.72)
we have that
δAµi = ∂µθi + ǫijkAµjθk. (2.73)
So, for Ψ = (ψµ, λ), the gauge transformation
δΨ =
i
2
θiσiΨ, (2.74)
leads to the covariant derivative
DµΨ = ∂µΨ− i
2
A iµ σ
iΨ, (2.75)
which transforms as
δDµΨ = i
2
θiσiDµΨ. (2.76)
10This also leads to
δLmi = −ǫijkθjLmk, (2.71)
on using δ(L mi Lmj) = 0.
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For χi satisfying σiχ
i = 0, we also have that
χi = iǫijkσjχk, (2.77)
leading to
δχi = −ǫijkθjχk + i
2
θjσjχ
i
= −iθjσiχj + 3i
2
θjσjχi, (2.78)
on using
σiχj − σjχi = −iǫijkχk. (2.79)
So the covariant derivative
Dµχi = ∂µχi + iA jµ σiχj −
3i
2
A jµ σ
jχi, (2.80)
transforms as
δDµχi = −iθjσiDµχj + 3i
2
θjσjDµχi, (2.81)
on using the Schouten identity
ǫijkχl + ǫiljχk + ǫjlkχi + ǫkliχj = 0. (2.82)
Thus, for the various fermionic interactions in (2.48), we have that
DµψνL = DµψνL − i
2
A iµ σ
iψνL − i
2
QµψνL,
DµλL = DµλL − i
2
A iµ σ
iλL − 3i
2
QµλL,
DµχiL = DµχiL + iA jµ σiχjL −
3i
2
A jµ σ
jχiL +
i
2
Qµχ
i
L,
DµψνR = DµψνR − i
2
A iµ σ
iψνR +
i
2
QµψνR,
DµλR = DµλR − i
2
A iµ σ
iλR +
3i
2
QµλR,
DµχiR = DµχiR + iA jµ σiχjR −
3i
2
A jµ σ
jχiR −
i
2
Qµχ
i
R, (2.83)
where Dµ is the ordinary covariant derivative.
It is convenient for our purposes to redefine field strengths that are invariant under G,
and carry specific charges under H . For the 2 form field strengths, we define
F i2µν = ǫUV F
mU
2µν L
V
+ L
i
m,
F ∗i2µν = ǫUV F
mU
2µν L
V
− L
i
m, (2.84)
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which carry charges 1 and −1 respectively under U(1), and are in the 3 of SU(2). For the
3 form field strengths, we define
F3µνρi = L
m
i F3µνρm, (2.85)
which is uncharged under U(1), and is in the 3 of SU(2). Finally, for the 4 form field
strengths, we define the selfdual field strength
T+µνρσ = ǫUV L
U
− F
+V
4µνρσ, (2.86)
which carries U(1) charge −1, and the anti–selfdual field strength
T−µνρσ = ǫUV L
U
+ F
−V
4µνρσ, (2.87)
which carries U(1) charge 1. Both T± are uncharged under SU(2).
Thus, we have that
T+4µνρσ =
i
L 1+
[
F+4µνρσ +
L 1−
2
√
2
(
ψ¯λRγ
[λγ¯µνρσγ¯
τ ]ψτL + ψ¯
λ
Lγ¯µνρσγ¯λλL − χ¯iLγ¯µνρσχiR
)]
,
T−4µνρσ = −
i
L 1−
[
F−4µνρσ +
L 1+
2
√
2
(
ψ¯λLγ¯
[λγµνρσγ
τ ]ψτR + ψ¯
λ
RγµνρσγλλR − χ¯iRγµνρσχiL
)]
. (2.88)
3 Deriving the supergravity action and the supersymmetry trans-
formations
In order to construct the relevant terms in the d = 8 action as well as the supersymmetry
transformations of the various fields, we start from the action and the supersymmetry
transformations of the d = 11 supergravity theory. The action is given by [25]
V −1L11 = R(ω)
4
− 1
48
FMNPQF
MNPQ +
1
2
η¯M Γˆ
MNPDN
(ω + ωˆ
2
)
ηP
− 1
192
(η¯RΓˆ
RSMNPQηS + 12η¯
M ΓˆNPηQ)(FMNPQ + FˆMNPQ)
+
2
(144)2
V −1ǫM1...M11FM1...M4FM5...M8CM9M10M11 . (3.1)
We denote the the local frame and world indices by Aˆ, Bˆ, . . . and M,N, . . . respectively.
In (3.1), V AˆM , CMNP and ηM are the vielbein, the 3 form potential, and the gravitino
respectively. We also have that
DM
(ω + ωˆ
2
)
ηN = ∂MηN +
1
8
(ω + ωˆ) AˆBˆM ΓˆAˆBˆηN . (3.2)
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We work in the second order formalism where ω AˆBˆM is an independent field which satisfies
its equation of motion (see [30] for example), leading to
ω AˆBˆM = ω
AˆBˆ
M (V ) +K
AˆBˆ
M . (3.3)
In (3.3), ω AˆBˆM (V ) is the standard spin connection of pure gravity given by
ω AˆBˆM (V ) =
1
2
V AˆN(∂MV
Bˆ
N − ∂NV BˆM )−
1
2
V BˆN(∂MV
Aˆ
N − ∂NV AˆM )
−1
2
V AˆPV BˆQ(∂PVQCˆ − ∂QVPCˆ)V CˆM , (3.4)
while the contorsion tensor K AˆBˆM is given by
KMAˆBˆ =
1
4
[
− η¯CˆΓˆMAˆBˆCˆDˆηDˆ + 2
(
η¯M ΓˆBˆηAˆ − η¯M ΓˆAˆηBˆ + η¯BˆΓ¯MηAˆ
)]
. (3.5)
The supercovariant spin connection in (3.1) is given by
ωˆ AˆBˆM = ω
AˆBˆ
M +
1
4
η¯CˆΓˆ
AˆBˆCˆDˆ
M ηDˆ
= ω AˆBˆM (V ) +
1
2
(
η¯M Γˆ
BˆηAˆ − η¯M ΓˆAˆηBˆ + η¯BˆΓˆMηAˆ
)
. (3.6)
For the 3 form potential, it is easier to work with the frame indices to perform the
dimensional reduction, and so the supercovariant 4 form field strength FˆAˆBˆCˆDˆ is given by
FˆAˆBˆCˆDˆ = FAˆBˆCˆDˆ + 3η¯[AˆΓˆBˆCˆηDˆ], (3.7)
where
FAˆBˆCˆDˆ = 4∂[AˆCBˆCˆDˆ] + 12ω
Eˆ
[AˆBˆ
(V )CCˆDˆ]Eˆ. (3.8)
Let us now consider the supersymmetry transformations of the various fields. Apart
from the fermionic trilinear terms in the supervariation of the fermions, the other trans-
formations can be directly obtained from [24], as mentioned in detail below. In order to
obtain the fermionic trilinear terms in the supervariation of the fermions, we consider max-
imal supergravity in d = 11 and obtain them by dimensional reduction, given the complete
supervariations of the theory. We mention only those steps which are relevant for our ma-
nipulations. The supersymmetry transformations and the local Lorentz transformations of
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the d = 11 theory are
V M
Bˆ
δ(0)VMAˆ = −ξ¯ΓˆAˆηBˆ + λAˆBˆ,
δ(0)CAˆBˆCˆ = −
3
2
ξ¯Γˆ[AˆBˆηCˆ] − 3CDˆ[AˆBˆV MCˆ] δ(0)V DˆM ,
δ(0)ηAˆ = DˆAˆξ −
1
144
(
ΓˆBˆCˆDˆEˆ
Aˆ
− 8ΓˆCˆDˆEˆδBˆ
Aˆ
)
ξFˆBˆCˆDˆEˆ
−V M
Aˆ
(δ(0)V Bˆ
Mˆ
)ηBˆ +
1
4
λBˆCˆΓˆ
BˆCˆηAˆ, (3.9)
where ξ is the supersymmetry parameter. λAˆBˆ is the parameter for local Lorentz transfor-
mations. The supercovariant derivative DˆMξ is given by
DˆMξ =
(
∂M +
1
4
ωˆ AˆBˆM ΓˆAˆBˆ
)
ξ. (3.10)
Let us briefly mention the relation between the various fields we have and those used
by [24]11. While they work directly in terms of the two moduli of U(1)\SL(2,R) and thus
the SL(2,R) covariance is not manifest, we maintain the explicit covariance by working in
terms of L U± . In fact, we shall later gauge fix the U(1) transformation, which will force the
SL(2,R) transformations to be realized non–linearly on the various fields. Our formulae
then exactly reduce to the ones obtained by [24]. We now mention the relations needed to
go from their formulae (SS) to ours. We set κ = 1, as well as
e2φSS = U2, BSS = −U1
2
, e aSSµ = e
a
µ , L
iSS
m = L
i
m, (3.11)
and so
P SSµij = Pµij , Q
SS
µij = −Qµij . (3.12)
For the two 1 form potentials, we set
AmSSµ =
Am1µ
2
, BmSSµ =
Am2µ
2
, (3.13)
leading to
FmSSµν =
1
2
Fm12µν , G
mSS
µν =
1
2
(Fm22µν − U1Fm12µν). (3.14)
For the 2 form potential, we set
2BSSµνm = Bµνm −
1
2
ǫmnp(A
2n
µ A
1p
ν − A2nν A1pµ ), (3.15)
11correcting several typos
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leading to
GSSµνρm =
1
2
F3µνρm. (3.16)
For the 3 form potential, we set
BSSµνλ =
1
2
Cµνλ, (3.17)
leading to
GSSµνλρ =
1
2
F4µνλρ. (3.18)
We shall later need to construct certain quartic fermion couplings in the d = 8 theory
starting from (3.1). For that, we shall need to know the relations between the fields FAˆBˆCˆDˆ
and the fields GSS4 , G
SS
3 , G
SS
2 and the scalar B
SS. They are
GSSµνλρ = e
−4φSS/3e aµ e
b
ν e
c
λ e
d
ρ Fabcd,
GSSµνρm = e
−φSS/3e aµ e
b
ν e
c
ρ L
i
mFabci,
GSSµνm =
1
2
e2φ
SS/3ǫ npm e
a
µ e
b
ν L
i
nL
j
p Fabij ,
∂µBSS =
1
6
e5φ
SS/3e aµ ǫ
ijkFaijk. (3.19)
To obtain the fermions, we set
ψSSµ = ψµ, χ
SS
i = χi + σiΓ9
λ
3
, (3.20)
where ψµ, χi and λ are SU(2) pseudo–Majorana fermions in the Weyl basis as discussed
before. Thus for the action in (2.48), this gives us
e−1L(0) = 4(eSS)−1LSS. (3.21)
Note that the complete set of Chern–Simons terms in the action is given by
4LSS = 1
123
ǫµ1...µ8
[
3BSSG
SS
µ1...µ4
GSSµ5...µ8 − 8ǫijkGSSµ1µ2µ3iGSSµ4µ5µ6jBSSµ7µ8k
+288F SSµ1µ2iB
SS
µ3µ4i
(
(∂µ5B
SS
µ6j
)BSSµ7µ8j −
1
3
GSSµ5µ6µ7jB
SS
µ8j
)
−96BSSµ2µ3µ4(∂µ5BSSµ6i)GSSµ1µ7µ8i
]
, (3.22)
where we have repeatedly integrated by parts, and used the Bianchi identities
∂[λG
SS
µνρσ] = 4F
mSS
[λµ G
SS
νρσ]m,
∂[λG
SS
µνρ]m = 3ǫmnpF
nSS
[λµ G
pSS
νρ] . (3.23)
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In (2.48), we have only kept the first term in (3.22). The other terms in (3.22) are
independent of F4µνρσ, and so do not contribute to G4µνρσ.
Of course, the values of L U± have to be substituted using the ones obtained later in (4.6).
Some of these calculations have an overlap with [31], who work in a covariant formalism.
Note that the relation between the d = 11 fermionic fields and the d = 8 fermionic
fields which are relevant for our purposes are given in equations (29) and (34) of [24]12. In
particular, the d = 8 fermions are given by [24, 32]
ηa = e
φSS/6
(
ψa − 1
6
Γaλ
)
,
ηi = e
φSS/6
(
χi + σiΓ9
λ
3
)
, (3.25)
where we have also used (3.20).
This is useful in constructing the only other term in the action (2.48) which contributes
to the definition of G4µνρσ apart from those already mentioned before. This term is given
by
e−1SSLSS = −
1
96
(
η¯AˆΓ
AˆBˆabcdηBˆ + 12η¯
aΓbcηd
)
Fabcd, (3.26)
where Fabcd is a particular component of FAˆBˆCˆDˆ.
Let us now mention the local Lorentz transformation parameters in d = 8 which are
obtained directly from d = 11, as described by [24]. Dimensional reduction on T 3 breaks
the SO(10, 1) symmetry of the frame indices to SO(3) × SO(7, 1), which is implemented
by a gauge choice V am = 0. Preserving this gauge choice, as well as requiring that L
−1δ(0)L
is in SO(3)\SL(3,R) fixes λia, and the local Lorentz transformations parameters λ′ab and
λ′ij of SO(7, 1) and SO(3) respectively in terms of λab and λij. These relations are given by
λia = −ǫ¯Γa
(
χi + σiΓ9
λ
3
)
,
λ′ab = λab +
1
6
ǫ¯Γabλ,
λ′ij = λij −
1
2
ǫ¯Γ9
(
σiχj − σjχi
)
− i
3
ǫijkǫ¯σ
kλ. (3.27)
We shall construct the complete supervariations of the various fermions from (3.9), remem-
bering to parametrize the residual local Lorentz transformations by λ′ab and λ
′
ij . Thus, the
12Equation (34) should read
ξ = e−κφ/6ǫ. (3.24)
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d = 8 supersymmetry and local Lorentz transformations are given by
δ(0)ηi = . . .+
1
4
(
λ′abΓ
ab + λ′jkσ
jk
)
ηi + λ
′
ijηj,
δ(0)ηa = . . .+
1
4
(
λ′bcΓ
bc + λ′ijσ
ij
)
ηa + λ
′
abηb, (3.28)
where the . . . are the supersymmetry transformations given in (C.1).
It should be noted that the supersymmetry transformations for all the fields given in
(C.1) are not simply obtained from those in [24] by substituting the various expressions
above. This is because they have already gauge fixed the U(1) transformations, while our
transformations are manifestly gauge covariant. Thus their transformations are the same
as what we have only for the fields that are U(1) invariant. For the other fields, their
transformations have extra terms, which we shall describe later when we fix the U(1) gauge
symmetry. These extra terms, which are not gauge invariant, take a very simple form at
the end, though they look very complicated to start with. Various cancellations which are
a consequence of supersymmetry are responsible for this simplification. In appendix (D),
we outline the nature of these cancellations, which is quite intricate. Thus, the complete
supersymmetry transformations of the d = 8 theory are given by (C.1).
4 Gauge fixing the local symmetry transformations
We have two sets of moduli, each of which parametrizes a coset space H\G. We first gauge
fix H to obtain the physical degrees of freedom in L. We then show how the G symmetry
is realized non–linearly on the moduli. Finally, we consider the gauge fixed supersymmetry
transformations.
4.1 Gauge fixing L
So far we have parametrized the elements of the coset space H\G in terms of L. We shall
now gauge fix L to obtain the physical degrees of freedom. To do so, we use the Iwasawa
decomposition to represent L as
L = HKN, (4.1)
where H is a matrix of gauge transformations, K is a diagonal matrix of unit determinant,
and N is an upper triangular matrix with diagonal entries unity. Thus to work in a fixed
gauge, we simply remove the factor of H in (4.1).
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Let us now mention the moduli of type IIB string theory on T 2. The complex structure
U of the T 2 parametrizes the moduli space SO(2)\SL(2,R). The 5 degrees of freedom
parametrizing the moduli space SO(3)\SL(3,R) include the complexified coupling τ ob-
tained from 10 dimensions, and the Kahler structure T of the T 2 defined by
T = BN + iV, (4.2)
where V is the volume of the T 2 in the string frame. The remaining modulus is BR,
where BN (BR) is obtained from the NS–NS (R–R) 2 form in 10 dimensions. Thus, the
SO(2)\SL(2,R)τ of S–duality, and the SO(2)\SL(2,R)T of T–duality are intertwined in
the SO(3)\SL(3,R) moduli space. We now express the components of L in terms of these
degrees of freedom.
For the U(1)\SL(2,R) moduli space, we take
L vV =
(√
U2 0
0 1/
√
U2
)(
1 −U1/U2
0 1
)
=
1√
U2
(
U2 −U1
0 1
)
, (4.3)
which leads to
L Vv =
1√
U2
(
1 U1
0 U2
)
, (4.4)
and
MUV =
1
U2
(|U |2 −U1
−U1 1
)
. (4.5)
Thus we get that (
L 1+ L
2
+
L 1− L
2
−
)
=
1√
2U2
(
1 U
1 U¯
)
, (4.6)
yielding
Pµ = −∂µU
2U2
,
Qµ = −∂µU1
2U2
. (4.7)
So in the action, we get that
− 2P ∗µP µ = −
∂µU∂
µU¯
2U22
. (4.8)
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For the SO(3)\SL(3,R) moduli space, we take
L im =

ν−1/3 0 00 √τ 2ν1/6 0
0 0 ν1/6/
√
τ 2



1 −
√
ν
τ2
ImB
√
ν
τ2
ReB
0 1 −τ1/τ2
0 0 1


=
ν1/6√
τ2


√
τ2
ν
−ImB ReB
0 τ2 −τ1
0 0 1

 , (4.9)
where ν = (τ2V
2)−1, and B = BR + τBN .
This leads to13
Mmn =
ν1/3
τ2

τ2/ν + |B|2 −Re(τ¯B) ReB−Re(τ¯B) |τ |2 −τ1
ReB −τ1 1

 . (4.10)
It is useful to see how the U(1)\SL(2,R)τ and U(1)\SL(2,R)T subspaces of (4.9) are
intertwined. To see the U(1)\SL(2,R)τ subspace, we drop the B dependence for simplicity,
and focus on τ and V , leading to
L im = ν
1/6

ν−1/2 0 00 √τ 2 −τ1/√τ 2
0 0 1/
√
τ 2

 , (4.11)
where ν is S–duality invariant. To see the U(1)\SL(2,R)T subspace, we drop the BR and
τ1 dependence for simplicity, and focus on T , τ2 and V , leading to
L im = e
−φˆ/3


√
T 2 −T1/
√
T 2 0
0 1/
√
T 2 0
0 0 eφˆ

 , (4.12)
where
e−2φˆ = τ 22V (4.13)
is the T–duality invariant d = 8 dilaton.
4.2 Non–linearly realized G symmetry
Having gauge fixed H , let us now see how the G symmetry is realized non–linearly on the
moduli. First consider the U(1)\SL(2,R) moduli space, where
L U± → e±iΣL V± S UV . (4.14)
13This is the same as [15] on sending τ1 → −τ1 and BN → −BN .
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It is sufficient for our purposes to look at infinitesimal transformations. Thus taking
S UV =
(
1 + α β
γ 1− α
)
, (4.15)
where α, β, γ, and δ are infinitesimal real parameters, requiring reality of L1± in (4.6), we
get that
Σ = −γU2. (4.16)
Also including the constraints coming from L2±, we get that
δU = β − 2αU − γU2. (4.17)
It is also easy to write down the finite transformations. Taking
S UV =
(
d b
c a
)
, (4.18)
where a, b, c, d ∈ R and ad− bc = 1, the above analysis leads to
tanΣ = − cU2
cU1 + d
, (4.19)
thus leading to the SL(2,R) transformation
U → aU + b
cU + d
. (4.20)
For the SO(3)\SL(3,R) moduli, in (2.3), we take
Rnm =

1 + α b cd 1 + β f
g h 1− α− β

 , (4.21)
where α, β, b, c, d, f, g, and h are infinitesimal real parameters, and
Oij = δij + ǫijkθk. (4.22)
Thus preserving the gauge choice L 12 = L
1
3 = L
2
3 = 0 in (4.9), we get that
θ1 = cImB − fτ2,
θ2 = c
√
τ2
ν
,
θ3 = − 1√
ντ2
(b+ cτ1). (4.23)
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Thus, the transformations of the remaining non–vanishing elements of L im lead to
δν = −3ν
(
α− cReB + (b+ cτ1)
τ2
Im B
)
,
δτ = (α + 2β − cB)τ − bB − h+ fτ 2,
δB = (2α + β)B − i(b+ cτ)
ν
+ g − dτ + fτB − cB2. (4.24)
One can consider finite transformations as well. In order to do so, we use the definition
of the finite form of the matrix O in (4.22) given by
Oij =
1
2
Tr(g−1σigσj), (4.25)
where g is an element of the SU(2) group, and the trace is in the fundamental representation
of SU(2). This follows from the defining equation for the transformation matrices D of the
adjoint representation of any group, given by
g−1Tag = D
b
a (g)Tb, (4.26)
where g is an element of the group, and Ta are the generators in the fundamental represen-
tation. Thus, (4.25) follows for SU(2), where
g = cos
|~θ|
2
+ i
~σ · ~θ
|~θ|
sin
|~θ|
2
, (4.27)
and we have chosen the normalization in (4.25) to obtain (4.22) in the infinitesimal limit.
This leads to
Oij(θ) = δijcos|~θ|+ ǫijkθk
sin|~θ|
|~θ|
+
2θiθj
|~θ|2
sin2
|~θ|
2
. (4.28)
This representation is called the axis–angle representation in literature. It consists of an
SO(3) rotation about an axis given by
~n =
~θ
|~θ|
, (4.29)
by an angle |~θ|. One can then proceed exactly along the lines of the above discussion to
obtain the finite transformations. Thus the finite transformations are given by the solution
of a set of involved equations, which are difficult to manipulate. Thus to obtain the finite
transformations, we use a different representation of SO(3) rotation matrices.
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We parametrize an arbitrary SO(3) rotation by successive rotations around the 2, 3 and
1 axes by angles −φ2, φ3 and φ1 respectively, and so
O = R23(φ1)R12(φ3)R13(−φ2), (4.30)
where
R23(φ1) =

1 0 00 cosφ1 sinφ1
0 −sinφ1 cosφ1

 , (4.31)
for example. These angles are called the Tait–Bryan angles in literature14. Thus we have
that
Oij =

 cosφ2cosφ3 sinφ3 −sinφ2cosφ3−cosφ1cosφ2sinφ3 + sinφ1sinφ2 cosφ1cosφ3 cosφ1sinφ2sinφ3 + sinφ1cosφ2
sinφ1cosφ2sinφ3 + cosφ1sinφ2 −sinφ1cosφ3 −sinφ1sinφ2sinφ3 + cosφ1cosφ2

 .
(4.32)
Thus, for small angles,
φi = θi. (4.33)
We further define
µjm = L
j
n R
n
m. (4.34)
Thus, preserving the gauge choices L 12 = L
1
3 = 0, we get that
sinφ2 =
µ13µ
2
2 − µ12µ23√
(µ13µ
2
2 − µ12µ23)2 + (µ22µ33 − µ32µ23)2
,
cosφ2 =
µ22µ
3
3 − µ32µ23√
(µ13µ
2
2 − µ12µ23)2 + (µ22µ33 − µ32µ23)2
,
sinφ3 =
µ32µ
1
3 − µ12µ33√
(µ13µ
2
2 − µ12µ23)2 + (µ22µ33 − µ32µ23)2 + (µ12µ33 − µ13µ32)2
,
cosφ3 =
√
(µ13µ
2
2 − µ12µ23)2 + (µ22µ33 − µ32µ23)2√
(µ13µ
2
2 − µ12µ23)2 + (µ22µ33 − µ32µ23)2 + (µ12µ33 − µ13µ32)2
. (4.35)
Finally, preserving the gauge choice L 23 = 0, we get that
sinφ1 = − µ
2
3secφ3√
(µ23secφ3)
2 + (µ13sinφ2 + µ
3
3cosφ2)
2
,
cosφ1 =
µ13sinφ2 + µ
3
3cosφ2√
(µ23secφ3)
2 + (µ13sinφ2 + µ
3
3cosφ2)
2
, (4.36)
14Also called yaw, pitch and roll. These angles are not to be confused with the Euler angles, which
involve three rotations as well, but the first and third are about the same axis.
24
where we have used the relation
µ13cosφ2 − µ33sinφ2 = −µ23tanφ3. (4.37)
There is an overall sign ambiguity in obtaining (4.35) and (4.36), which is fixed by taking
the small φi limit, and matching with (4.23). Thus the angles φ1, φ2 and φ3 are fixed, which
when inserted into the expressions given below determine the complete set of transforma-
tions. The remaining expressions are obtained by varying the non–vanishing elements of
the vielbein leading to
ν ′ = (O1jµ
j
1)
−3,
τ ′ = −(O
3
j − iO2j)µj2
O3jµ
j
3
,
B′ =
(O3j − iO2j)µj1
O3jµ
j
3
, (4.38)
where we have used
(O1iµ
i
1)(O
2
jµ
j
2)(O
3
kµ
k
3) = 1. (4.39)
It is straightforward to write down these explicit expressions. We keep them implicit as
they are quite complicated and shall be calculated explicitly later.
The coordinates ν, τ and B in (4.24) we have chosen to parametrize the SO(3)\SL(3,R)
moduli space are a natural choice from the U(1)\SL(2,R)τ point of view. To see this, we
take the corresponding SL(2,R)τ subspace in (4.21) given by setting α = b = c = d = g = 0.
Then (4.24) yields that δν = 0 as expected. Also we get that
τ → aˆτ + bˆ
cˆτ + dˆ
, B → B
cˆτ + dˆ
, (4.40)
where aˆ = 1 + β, bˆ = −h, cˆ = −f , and dˆ = 1− β in the infinitesimal limit, as required.
Another useful parametrization of the SO(3)\SL(3,R) moduli space is by the coordi-
nates T, ξ and e−2φˆ, where
ξ = −BR + iτ1V, (4.41)
which is natural from the U(1)\SL(2,R)T point of view which follows from the discussion
below. Thus the coordinates φˆ, T and ξ are related to ν, B and τ by (4.13) and
T =
1
τ2
(
ImB + iτ2V
)
,
ξ =
1
τ2
(
Im(Bτ¯) + iτ1τ2V
)
. (4.42)
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This leads to
L im =

e
−φˆ/3
√
T2 −e−φˆ/3T1/
√
T2 e
2φˆ/3Im(ξT¯ )/T2
0 e−φˆ/3/
√
T2 −e2φˆ/3Imξ/T2
0 0 e2φˆ/3

 , (4.43)
and thus
Mmn =
e4φˆ/3
T2

 e−2φˆ|T |2 + (Im(ξT¯ ))2/T2 −(e−2φˆT1 + ξ2Im(ξT¯ )/T2) Im(ξT¯ )−(e−2φˆT1 + ξ2Im(ξT¯ )/T2) (ξ22 + T2e−2φˆ)/T2 −ξ2
Im(ξT¯ ) −ξ2 T2

 . (4.44)
Proceeding as before, for infinitesimal transformations, we get that
θ1 = e
−φˆ (cT1 − f)√
T2
,
θ2 = ce
−φˆ
√
T2,
θ3 = −(bT2 + cξ2), (4.45)
as well as
δφˆ =
3
2
(
− (α + β) + cImξT¯
T2
− f Imξ
T2
)
,
δT = (α− β)T − d− fξ + bT 2 + cT ξ,
δξ = −g − hT + (β + 2α)ξ + cξ2 + bT ξ + icT e−2φˆ − ife−2φˆ. (4.46)
The finite transformations are given by
e2φˆ
′
= (O3jµ
j
3)
3,
T ′ = −(O
2
j − iO1j)µj1
O2jµ
j
2
,
ξ′ = (O1iµ
i
1)
[
(O3jµ
j
2)(O
2
kµ
k
1)− (O3jµj1)(O2kµk2)− i(O1jµj1)(O3kµk2)
]
. (4.47)
Consider the SL(2,R)T subspace in (4.21) given by setting α = −β, c = f = g = h = 0.
Then (4.46) yields that δφˆ = 0 as expected. Also we get that
T → aˆT + bˆ
cˆT + dˆ
, ξ → ξ
cˆT + dˆ
, (4.48)
where aˆ = 1 + α, bˆ = −d, cˆ = −b, and dˆ = 1 − α in the infinitesimal limit. The fermions
also transform accordingly by gauge transformations given by the θi.
A similar analysis for N = 8, d = 4 supergravity has been carried out in [33].
26
4.3 Gauge fixed supersymmetry transformations
Now let us consider the gauge fixed supersymmetry transformations of the moduli. In order
to maintain the choices of gauge (4.6) and (4.9), we have to make additional gauge transfor-
mations with field dependent parameters. First consider the moduli for the SO(2)\SL(2,R)
coset [34]. From (C.1), preserving the reality of L 1± gives us that
Σǫ = − i
2
(ǫ¯LλR − ǫ¯RλL). (4.49)
Also including the effect of this compensating gauge transformation on L 2± , we get that
δ(0)U = −2iU2ǫ¯RλL, δ(0)U¯ = 2iU2ǫ¯LλR. (4.50)
We next consider the moduli for the SO(3)\SL(3,R) coset, where including compen-
sating gauge transformations, we get that
δ(0)L im = ΛijL
j
m − ǫijkθǫjL km , (4.51)
where
Λij = −1
2
(
ǫ¯L(σiχjR + σjχiR)− ǫ¯R(σiχjL + σjχiL)
)
. (4.52)
Thus Λij is real and satisfies Λij = Λji, as well as
Λ11 + Λ22 + Λ33 = 0. (4.53)
So Λij has 5 independent components which we can take to be Λ11,Λ12,Λ13,Λ22, and Λ23.
For our purposes, it is very convenient to explicitly use
Λij − 1
3
δijΛkk (4.54)
in place of Λij in (4.51). While it gives no extra information, the tracelessness is automatic,
and we do not have to choose an explicit basis for the 5 independent components.
Proceeding as before, preserving the gauge choice L 12 = L
1
3 = L
2
3 = 0 in (4.9) or (4.43),
we get that
θǫ1 = −Λ23,
θǫ2 = Λ13,
θǫ3 = −Λ12, (4.55)
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which together with the remaining supervariations in (4.9) gives us
δ(0)ν = −2
(
Λ11 − 1
2
(Λ22 + Λ33)
)
ν,
δ(0)τ = iτ2(Λ22 − Λ33 + 2iΛ23),
δ(0)B = 2
(
Λ13
√
τ2
ν
− Λ23ImB
)
+ i
(
(Λ22 − Λ33)ImB − 2Λ12
√
τ2
ν
)
. (4.56)
In the coordinate system given by (4.43), we get that
δ(0)φˆ =
(
Λ33 − 1
2
(Λ11 + Λ22)
)
,
δ(0)T = T2
(
− 2Λ12 + i(Λ11 − Λ22)
)
,
δ(0)ξ = −2(
√
T2Λ13e
−φˆ + Λ12Imξ) + i
(
(Λ11 − Λ22)Imξ − 2Λ23
√
T2e
−φˆ
)
. (4.57)
This also leads to extra terms in the supersymmetry transformations for the other fields,
of which, the fermions are relevant for our purposes. For the fermions, the extra terms in
the supervariation which have to be added to (C.1) are
δˆλL =
3i
2
ΣǫλL +
i
2
θiǫσ
iλL,
δˆλR = −3i
2
ΣǫλR +
i
2
θiǫσ
iλR,
δˆψµL =
i
2
ΣǫψµL +
i
2
θiǫσ
iψµL,
δˆψµR = − i
2
ΣǫψµR +
i
2
θiǫσ
iψµR,
δˆχiL = −
i
2
Σǫχ
i
L − iθjǫσiχjL +
3i
2
θjǫσ
jχiL,
δˆχiR =
i
2
Σǫχ
i
R − iθjǫσiχjR +
3i
2
θjǫσ
jχiR, (4.58)
where Σǫ and θ
i
ǫ are given by (4.49) and (4.55) respectively. Thus from now onwards, the
complete supersymmetry transformations of the supergravity theory will be denoted as δ(0).
In particular, δ(0) for the various fermions is given by the sum of (C.1) and (4.58).
5 Transformations of the moduli under U–duality
In the above discussion, we have gauge fixed the H symmetry transformations to obtain
the physical degrees of freedom. This led to transformations of the various fields where the
G symmetry is realized non–linearly.
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We now focus on these transformations of the moduli in detail. While the transforma-
tions of the moduli parametrizing the coset space SO(2)/SL(2,R) were easy to write down
explicitly as given above, this was not the case for the moduli parametrizing the coset space
SO(3)/SL(3,R) due to the gauge redundancy. So for this purpose it is easier to use the
matrix M , which is gauge invariant. In fact, under L→ OLS, we have that
Mmn = L
i
mL
j
mδij → (STMS)mn. (5.1)
Thus, we obtain the transformations of the moduli using (5.1), and we also change the
notation slightly from before, for later convenience.
5.1 Transformation under SL(2,Z)
For the SL(2,R) transformations, taking
S =
( A −C
−B D
)
, (5.2)
where A,B, C and D are real numbers satisfying AD − BC = 1, (5.1) gives us that
U ′1 =
1
2
(AU + B
CU +D +
AU¯ + B
CU¯ +D
)
, U ′2 =
U2
|CU +D|2 , (5.3)
leading to
U ′ =
AU + B
CU +D , (5.4)
as before.
5.2 Transformation under SL(3,Z)
For the SL(3,R) transformations, we take
S =

 A −C J−B D −F
H −E G

 , (5.5)
where A,B, C,D, E ,F ,G,H and J are real numbers satisfying detS = 1.
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Again, using (5.1), we get that
ν ′ =
1
ν2τ 32
[
ντ2|CΞ3 − JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
]3/2
=
1
ν2τ 32
[
ντ2|Υ1τ +Υ2|2 + ν2
(
Υ1Im(B¯τ)−Υ2ImB −Υ3τ2
)2]3/2
,
τ ′1 =
CJ τ2 + νRe(Ξ2Ξ¯3)
J 2τ2 + ν|Ξ3|2 ,
τ ′2 =
[
ντ2|CΞ3 − JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
]1/2
J 2τ2 + ν|Ξ3|2
=
[
ντ2|Υ1τ +Υ2|2 + ν2
(
Υ1Im(B¯τ)−Υ2ImB −Υ3τ2
)2]1/2
J 2τ2 + ν|Ξ3|2 ,
ReB′ =
AJ τ2 + νRe(Ξ1Ξ¯3)
J 2τ2 + ν|Ξ3|2 , (5.6)
ImB′ =
τ2νRe(JΞ1 −AΞ3)(J Ξ¯2 − CΞ¯3) + ν2Im(Ξ1Ξ¯3)Im(Ξ2Ξ¯3)
(J 2τ2 + ν|Ξ3|2)
[
ντ2|CΞ3 − JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
]1/2
=
ντ2Ω1/2− ν2Ω2/4
(J 2τ2 + ν|Ξ3|2)
[
ντ2|Υ1τ +Υ2|2 + ν2
(
Υ1Im(B¯τ)−Υ2ImB −Υ3τ2
)2]1/2 ,
where
Υ1 = CF −DJ ,
Υ2 = CG − EJ ,
Υ3 = DG − EF ,
Υ4 = AF − BJ ,
Υ5 = AG − JH,
Υ6 = BG −HF (5.7)
involves various subdeterminants of (5.5), and
Ξ1 = AB + Bτ +H,
Ξ2 = CB +Dτ + E ,
Ξ3 = JB + Fτ + G. (5.8)
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Also in the expression for ImB′, we have used
Ω1 = (JΞ1 −AΞ3)(J Ξ¯2 − CΞ¯3) + (J Ξ¯1 −AΞ¯3)(JΞ2 − CΞ3)
= (Υ1τ¯ +Υ2)(Υ4τ +Υ5) + (Υ1τ +Υ2)(Υ4τ¯ +Υ5),
Ω2 = (Ξ1Ξ¯3 − Ξ3Ξ¯1)(Ξ2Ξ¯3 − Ξ3Ξ¯2)
= −4
(
Υ1Im(Bτ¯) + Υ2ImB +Υ3Imτ
)(
Υ4Im(Bτ¯ ) + Υ5ImB +Υ6Imτ
)
, (5.9)
for brevity.
Thus we have that
τ ′ =
[ C2τ2 + ν|Ξ2|2
J 2τ2 + ν|Ξ3|2
]1/2
eiθτ ,
B′ =
eiθB[
J 2τ2 + ν|Ξ3|2
][
ντ2|CΞ3 − JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
]1/2 ×
[(
ντ2|CΞ3 −JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
)(
AJ τ2 + νRe(Ξ1Ξ¯3)
)2
+
(
τ2νRe(JΞ1 −AΞ3)(J Ξ¯2 − CΞ¯3) + ν2Im(Ξ1Ξ¯3)Im(Ξ2Ξ¯3)
)2]1/2
, (5.10)
where
tanθτ =
[
ντ2|CΞ3 −JΞ2|2 + [νIm(Ξ2Ξ¯3)]2
]1/2
CJ τ2 + νRe(Ξ2Ξ¯3)
,
tanθB =
τ2νRe(JΞ1 −AΞ3)(J Ξ¯2 − CΞ¯3) + ν2Im(Ξ1Ξ¯3)Im(Ξ2Ξ¯3)
[AJ τ2 + νRe(Ξ1Ξ¯3)][ντ2|CΞ3 −JΞ2|2 + [νIm(Ξ2Ξ¯3)]2]1/2 . (5.11)
All this can be written compactly as
ν ′ =
1
ν2τ 32
(ξ22ξ33 − ξ223)3/2,
τ ′ =
ξ23 + i
√
ξ22ξ33 − ξ223
ξ33
,
B′ =
ξ13 + i(ξ12ξ33 − ξ13ξ23)/
√
ξ22ξ33 − ξ223
ξ33
, (5.12)
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where
ξ12 = ACτ2 + νRe(Ξ1Ξ¯2),
ξ13 = AJ τ2 + νRe(Ξ1Ξ¯3),
ξ23 = CJ τ2 + νRe(Ξ2Ξ¯3),
ξ22 = C2τ2 + ν|Ξ2|2,
ξ33 = J 2τ2 + ν|Ξ3|2. (5.13)
One can also write down the expressions for the transformed moduli in terms of the
coordinates e2φˆ, T and ξ on moduli space. This gives
e2φˆ
′
= e2φˆη
3/2
33 ,
T ′ =
(η12η33 − η13η23) + i√η33e−2φˆ
η22η33 − η223
,
ξ′ =
(η12η23 − η13η22) + iη23e−2φˆ/√η33
η22η33 − η223
, (5.14)
where
η12 =
e−2φˆ
T2
Re(AT + B)(CT¯ +D) +
(
AIm(ξT¯ )
T2
+ B ξ2
T2
+H
)(
C Im(ξT¯ )
T2
+D ξ2
T2
+ E
)
,
η13 =
e−2φˆ
T2
Re(AT + B)(J T¯ + F) +
(
AIm(ξT¯ )
T2
+ B ξ2
T2
+H
)(
J Im(ξT¯ )
T2
+ F ξ2
T2
+ G
)
,
η23 =
e−2φˆ
T2
Re(CT +D)(J T¯ + F) +
(
C Im(ξT¯ )
T2
+D ξ2
T2
+ E
)(
J Im(ξT¯ )
T2
+ F ξ2
T2
+ G
)
,
η22 =
e−2φˆ
T2
|CT +D|2 +
(
C Im(ξT¯ )
T2
+D ξ2
T2
+ E
)2
η33 =
e−2φˆ
T2
|J T + F|2 +
(
J Im(ξT¯ )
T2
+ F ξ2
T2
+ G
)2
. (5.15)
It is easy to check that the transformations (5.12) and (5.14) reproduce (4.24) and (4.46)
in the infinitesimal limit.
This continuous symmetry of supergravity is broken in string theory by non–perturbative
effects. The full theory has a discrete U–duality symmetry SL(2,Z)×SL(3,Z). Under this
symmetry, the various fields continue to transform as above, the only difference being that
(5.2) and (5.5) have integer entries.
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6 A class of interactions in the higher derivative action from on–
shell linearized superspace
In order to construct higher derivative corrections to supergravity in the low energy effective
action, consider N = 2, d = 8 superspace with superderivatives given by
DAL =
∂
∂θLA
+ iθ¯AL γ¯
µ∂µ, D
A
R = −
∂
∂θRA
+ iθ¯ARγ
µ∂µ. (6.1)
The superspace fermionic coordinates θL and θR carry U(1) charges 1/2 and −1/2 respec-
tively, and are in the 2 of SU(2). The degrees of freedom of the supergravity multiplet are
contained in linearized superfields of this superspace. In particular, they are contained in
a chiral superfield W and a linear superfield LABCD [35, 36].
6.1 Chiral and linear superfields
The chiral superfield W satisfies
DRAW = 0, DLAW¯ = 0. (6.2)
It carries charge 2 under U(1) and is uncharged under SU(2). The linear superfield LABCD
which satisfies the reality condition LABCD ≡ (LABCD)∗ is totally symmetric in its SU(2)
indices, and satisfies
DL(ALBCDE) = 0, DR(ALBCDE) = 0. (6.3)
Thus, LABCD is in the 5 of SU(2), and is uncharged under U(1).
Since we are dealing with a theory with maximal supersymmetry, it is expected that all
the fields will be part of a single supermultiplet. This is indeed the case, because the chiral
and linear superfields are not independent, and satisfy the on–shell relations
DLAγ
µνDLBW = D
C
R γ¯
µνDDRLABCD, DRAγ¯
µνDRBW¯ = D
C
Lγ
µνDDLLABCD. (6.4)
We now write down some of the components of the chiral and linear superfields at low
orders in θL, θR (ignoring various numerical factors), which will be relevant for our purposes.
The lowest component of the chiral superfield W is given by
ǫUV L
U
+ δL
V
+ (6.5)
which in the gauge (4.6), yields
ǫUV L
U
+ δL
V
+ =
δU
2U2
. (6.6)
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Thus we have that
W =
δU
U2
+ θ¯RλL +
[
(θ¯Rσ
iγµνθL)Fˆ
i
2µν + (θ¯Rγ
µνλρθL)Tˆ
−
µνλρ
]
+(θ¯Rσ
iγµνθL)(θ¯Rσ
i∂µψνL) + (θ¯Rσ
iγµνθL)(θ¯Rσ
iγλρθL)Rµνλρ + . . . . (6.7)
In order to avoid proliferation of indices while writing down the degrees of freedom in
the linear superfield LABCD, it is convenient for our purposes to define the real superfield
Lij by
Lij =
[
(σ(i)
AB(σj))
CD − 1
3
δij(σk)
AB(σk)
CD
]
LABCD + h.c.. (6.8)
Thus Lij is in the 5 of SU(2), and is uncharged under U(1). The lowest component of Lij
is given by
lij =
1
2
[
L mi δLmj + L
m
j δLmi −
2
3
δijL
m
k δLmk
]
, (6.9)
leading to
Lij = lij + [θ¯Lσ(iχj)R − θ¯Rσ(iχj)L] + iǫkl(iPˆ µj)k(θ¯Lγ¯µσlθL) +
[
(θ¯Lσ(iγ¯µνλθL)Fˆ
µνλ
j)3
+i(θ¯Rσ(iγ
µνθL)Fˆ
∗
j)2µν + i(θ¯Lσ(iγ¯
µνθR)Fˆj)2µν
+i(θ¯Rσ(iγ
µνθL)(θ¯Lσj)∂µψνR)− i(θ¯Lσ(iγ¯µνθR)(θ¯Rσj)∂µψνL)
+(θ¯Rγ
µνσ(iθL)(θ¯Lσj)γ¯
λρθR)Rµνλρ − trace
]
+ . . . . (6.10)
To write down explicit expressions for lij in a fixed gauge, we choose coordinates T, ξ and
e−2φˆ on the SO(3)/SL(3,R) moduli space. This is because the couplings when expanded
at weak string coupling, have perturbative contributions which are functions of only T and
T¯ . Thus ξ appears only in the non–perturbative part of the various couplings. Working in
the gauge (4.43), and using
L mi =

e
φˆ/3/
√
T2 e
φˆ/3T1/
√
T2 e
φˆ/3ξ1/
√
T2
0 eφˆ/3
√
T2 e
φˆ/3ξ2/
√
T2
0 0 e−2φˆ/3

 , (6.11)
34
we see that the 5 independent components of lij are given by
l11 =
δT2
2T2
− δφˆ
3
,
l22 = −δT2
2T2
− δφˆ
3
,
l12 = −δT1
2T2
,
l13 =
eφˆ
2T
3/2
2
(ξ2δT1 − T2δξ1),
l23 = −eφˆ
√
T2
2
δ
( ξ2
T2
)
. (6.12)
In order to construct a class of terms in the higher derivative effective action, we need
to construct superspace actions using the chiral and linear superfields.
6.2 Superactions
First let us construct terms in the effective action involving the chiral superfield W . It is
given by ∫
d8xe
∫
d16θ¯Rf(W ) + h.c., (6.13)
where
d16θ¯R = ǫ
α1...α8ǫβ1...β8(dθ¯A1Rα1 . . . dθ¯
A8
Rα8
)(dθ¯Rβ1A1 . . . dθ¯Rβ8A8). (6.14)
Using the Schouten identity
ǫ[α1...α8ǫβ1]...β8 = 0, (6.15)
it follows that (6.14) is proportional to (D+L)
8(D−L)
8, where (D+L)
8 and (D−L)
8 are both
spacetime scalars. Thus (6.13) is invariant under supersymmetry transformations15 using
δW ∼ D±LW .
In order to construct terms in the effective action using the linear superfield LABCD, let
us consider the combination
L˜ = L++++ + 4ζL+++− + 6ζ
2L++−− + 4ζ
3L+−−− + ζ
4L−−−−, (6.17)
15All such discussions are true upto a total derivative. The ± SU(2) indices are defined by
V± = V1 ± iV2. (6.16)
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where ζ is a complex parameter. Now from (6.3), we get that
D+LL++++ = 0,
D−LL++++ + 4D+LL+++− = 0,
2D−LL+++− + 3D+LL++−− = 0,
2D+LL+−−− + 3D−LL++−− = 0,
D+LL−−−− + 4D−LL+−−− = 0,
D−LL−−−− = 0, (6.18)
and similarly for DR, leading to
D+Lg(L˜) = −ζD−Lg(L˜),
D+Rg(L˜) = −ζD−Rg(L˜). (6.19)
This ability to interchange D± when acting on g(L˜) is useful to write down a superspace
action involving the linear superfield.
Such a superspace action is given by [36]∫
d8xe
∫
d8θ¯Rd
8θ¯L
[ ∮
0
dζg(L˜, ζ) + h.c.
]
, (6.20)
where
d8θ¯Rd
8θ¯L = ǫ
α1...α8ǫβ1...β8(dθ¯A1Rα1 . . . dθ¯
A8
Rα8
)(dθ¯Lβ1A1 . . . dθ¯Lβ8A8), (6.21)
and the contour integral in the complex ζ plane is around the origin. In order to to show
that (6.20) is invariant under supersymmetry, we note that (6.21) gives 8 powers of DL and
8 powers of DR, while a supervariation of L˜ yields one more factor of DL and DR. However,
using (6.19), it follows that D+L and D−L (and also D+R and D−R) can be interchanged,
and so finally we end up with 9 powers of the same superderivative which vanishes, and
thus the action is invariant. Thus using the linear superfield, we get the action∫
d8xe
∫
d8θ¯Rd
8θ¯L
[
g(LABCD) + h.c.
]
, (6.22)
where
g(LABCD) =
∮
0
dζg(L˜, ζ). (6.23)
We finally redefine
g(Lij) ≡ g(LABCD) + h.c., (6.24)
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giving us the superspace action ∫
d8xe
∫
d8θ¯Rd
8θ¯Lg(Lij) (6.25)
involving the linear superfield.
We now consider higher derivative corrections to supergravity coming from the super-
space Lagrangian
e−1L =
[ ∫
d16θ¯Rf(W ) + h.c.
]
+
∫
d8θ¯Rd
8θ¯Lg(Lij). (6.26)
7 Higher derivative corrections and supersymmetry constraints
We next consider the role of supersymmetry in constraining the various couplings which
arise as the coefficients involving the moduli of the various interactions in the effective
action. We first consider a set of couplings which involve only the SO(2)\SL(2,R) moduli,
and then the ones which involve only the SO(3)\SL(3,R) moduli. Finally we consider a
coupling which involves all the moduli.
7.1 Couplings involving only the SO(2)\SL(2,R) moduli
The set of couplings we shall consider are the ones obtained from linearized superspace.
Thus let us consider interactions in (6.26), involving the chiral superfield. We shall see that
these couplings are automorphic forms of SL(2,Z). In order to construct these interactions,
we shall make use of the definitions
λ16L ≡
1
8!9!
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8(λ
A1
Lα1
. . . λA8Lα8)(λ
B1
Lβ1
. . . λB8Lβ8)
= (λ1L1λ
2
L1) . . . (λ
1
L8λ
2
L8),
(λ15L )
β8
B8
≡ 2!
7!9!
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8(λ
A1
Lα1
. . . λA8Lα8)(λ
B1
Lβ1
. . . λB7Lβ7),
(λ14L )
β7β8
B7B8
≡ 3!
6!9!
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8(λ
A1
Lα1
. . . λA8Lα8)(λ
B1
Lβ1
. . . λB6Lβ6), (7.1)
such that
(λ15L )
α
Aλ
B
Lβ = δ
B
Aδ
α
βλ
16
L ,
(λ14L )
αβ
ABλ
C
Lγ = (λ
15
L )
β
Bδ
α
γ δ
C
A − (λ15L )αBδβγ δCA + (λ15L )βAδαγ δCB − (λ15L )αAδβγ δCB , (7.2)
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leading to
(λ15L )
α
Aλ
A
Lα = 16λ
16
L ,
(λ14L )
αβ
ABλ
A
Lα = 21(λ
15
L )
β
B,
(λ14L )
αβ
ABλ
C
Lγλ
D
Lδ = λ
16
L (δ
α
γ δ
β
δ − δβγ δαδ )(δCAδDB + δCBδDA ). (7.3)
Note that the interactions in (7.1) are particular examples of the general form
(λ8+rL )
βr+1...β8
Br+1...B8
≡ Γ(10− r)
Γ(r + 1)Γ(10)
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8(λ
A1
Lα1
. . . λA8Lα8)(λ
B1
Lβ1
. . . λBrLβr),
(7.4)
for 0 ≤ r ≤ 8, and are the only ones we need.
We now consider interactions involving sixteen fermions in S(3). In particular, we con-
sider interactions of the form λ16L and ψ¯Lµγ¯
µλ15L . These interactions mix with no other
interactions in S(3) under the supersymmetry transformations δ(0) of the type discussed
below. To consider these terms in the effective action, we take a subset of terms in (6.13)
given by
S(3) =
∫
d8xe
[
f (12,−12)(U, U¯)λ16L + f
(11,−11)(U, U¯)Fˆ λ14L
]
+ . . . , (7.5)
where16
Fˆ λ14L ≡ Fˆ i2µν(σiγµν)ABαβ (λ14L )αβAB. (7.8)
This leads to
L(3) = e
[
f (12,−12)(U, U¯)λ16L + f
(11,−11)(U, U¯)ψ¯µLγ¯
µλ15L + . . .
]
, (7.9)
where we have used Fˆ2 ∼ ψ¯LλL from (C.14) in the expression for Fˆλ14L . We have also
rescaled f (11,−11), and used the identity
γ¯νγ
µν = −7γ¯µ. (7.10)
16Note that the contribution of the type
Tˆ−λ14L ≡ Tˆ−µνλρ(γµνλρ)αβǫAB(λ14L )αβAB (7.6)
vanishes because
ǫAB(λ14L )
αβ
AB = 0. (7.7)
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Now consider the supervariation under δ(0) of (7.9) into terms of the form λ16L ǫLψR.
Thus
δ(0)L(3) = (δ(0)e)f (12,−12)λ16L + e
[
f (12,−12)δ(0)λ16L
+(δ(0)f (11,−11))ψ¯µLγ¯
µλ15L + f
(11,−11)δ(0)(ψ¯µLγ¯
µλ15L )
]
+ . . . . (7.11)
These supervariations can be evaluated using the supersymmetry transformations (C.1)17
leading to
(δ(0)e)f (12,−12)λ16L = −ef (12,−12)λ16L (ǫ¯RγµψµR),
(δ(0)f (11,−11))ψ¯µLγ¯
µλ15L = −2U2
∂f (11,−11)
∂U
λ16L (ǫ¯Rγ
µψµR),
f (11,−11)δ(0)(ψ¯µLγ¯
µλ15L ) = 11if
(11,−11)λ16L (ǫ¯Rγ
µψµR),
f (12,−12)δ(0)λ16L =
(21
4
+
35
8
)
f (12,−12)λ16L (ǫ¯Rγ
µψµR). (7.12)
The two contributions to the last equation in (7.12) come from δ(0)λL ∼ Fˆ2ǫL and δ(0)λL ∼
Tˆ−ǫL respectively. Thus, (7.11) gives us
δ(0)L(3) = e
[
2iD11f
(11,−11) +
69
8
f (12,−12)
]
λ16L (ǫ¯Rγ
µψµR), (7.13)
where D11 is given by (G.2).
Let us consider possible supervariations δ(3) which acting on terms in L(0), the super-
gravity action, might also contribute to λ16L ǫLψR. Based on the U(1) invariance of L(0), it
is easy to see that there can be no such terms in L(0). Thus (7.13) does not receive any
more contributions and we get that
D11f
(11,−11) =
69i
16
f (12,−12). (7.14)
Next consider the supervariation under δ(0) of (7.9) into terms of the form λ16L ǫRλR.
This gives us
δ(0)L(3) = e
[
(δ(0)f (12,−12))λ16L + f
(12,−12)δ(0)λ16L + f
(11,−11)(δ(0)ψ¯µL)γ¯
µλ15L
]
+ . . . . (7.15)
Again using (C.1), we get
(δ(0)f (12,−12))λ16L = 2iU2
∂f (11,−11)
∂U¯
λ16L (ǫ¯LλR),
f (12,−12)δ(0)λ16L = 12f
(12,−12)λ16L (ǫ¯LλR),
f (11,−11)(δ(0)ψ¯µL)γ¯
µλ15L = 14if
(11,−11)λ16L (ǫ¯LλR). (7.16)
17The U(1) violating terms due to gauge fixing also have to be added, as discussed before.
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The last equation in (7.16) involves many contributions coming from (C.1). It can be
deduced using the identities
i
27
(γ¯µσ
iλL)
A
α (γ¯
µ)αβ(λ15L )Aβ(ǫ¯Lσ
iλR) = 0,
−11i
54
(σiλR)
A
α (γ¯
µ)αβ(λ15L )Aβ(ǫ¯Lσ
iγ¯µλL) =
44i
9
λ16L (ǫ¯LλR),
i
54
(γ¯µνσ
iλR)
A
α (γ¯
µ)αβ(λ15L )Aβ(ǫ¯Lσ
iγ¯νλL) = −28i
9
λ16L (ǫ¯LλR),
5i
54
(σiǫR)
A
α (γ¯
µ)αβ(λ15L )Aβ(λ¯Lσ
iγ¯µλL) = −20i
9
λ16L (ǫ¯LλR),
− i
54
(γ¯µνσ
iǫR)
A
α (γ¯
µ)αβ(λ15L )Aβ(λ¯Lσ
iγ¯νλL) =
28i
9
λ16L (ǫ¯LλR),
− i
12
ǫARα(γ¯
µ)αβ(λ15L )Aβ(λ¯Lγ¯µλL) =
2i
3
λ16L (ǫ¯LλR),
i
144
(γ¯νρǫR)
A
α (γ¯
µ)αβ(λ15L )Aβ(λ¯Lγ¯µνρλL) =
7i
3
λ16L (ǫ¯LλR),
i
12
(γ¯µλL)
A
α (γ¯
µ)αβ(λ15L )Aβ(ǫ¯LλR) =
32i
3
λ16L (ǫ¯LλR),
− i
36
(γ¯νλL)
A
α (γ¯
µ)αβ(λ15L )Aβ(ǫ¯Lγ¯µνλR) = 0,
− i
432
(σiγ¯µνλρǫR)
A
α (γ¯µ)
αβ(λ15L )Aβ(λ¯Rγνλρσ
iλR) =
35i
3
λ16L (ǫ¯LλR),
− i
72
(σiγ¯λρǫR)
A
α (γ¯µ)
αβ(λ15L )Aβ(λ¯Lγ¯
µλρσiλL) = −14iλ16L (ǫ¯LλR). (7.17)
Thus, (7.15) gives
δ(0)L(3) = e
[
− 2D¯−12f (12,−12) + 14if (11,−11)
]
λ16L (ǫ¯LλR). (7.18)
One might think there can be a term of the form λ15L χL which might contribute for
δ(0)χL ∼ ǫRλLλR. Such a term, which does not follow from linearized superspace, would
have to be of the form
(λ14L )
αβ
AB(σiλL)
A
αχ
iB
Lβ (7.19)
which vanishes using (7.2).
Once again, we consider modified supersymmetry transformations δ(3) which acting on
terms in L(0) might contribute to λ16L ǫRλR. The only possibility is a term of the form λ2Lλ2R
in L(0). This term in the supergravity action is given by
L(0) = 1
96
e
[
30(λ¯Rγ
µλR)(λ¯RγµλR) + (λ¯Rγ
µνρλR)(λ¯RγµνρλR)
]
(7.20)
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as deduced in (E.13). Now (7.20) can vary into λ16L ǫRλR for δ
(3)λR ∼ λ14L ǫR. In general, it
is difficult to write down complete expressions for the corrected supersymmetry transfor-
mations δ(3) for any field. For the case we need, let us consider the supervariation given
by18
δ(3)λRαA = (λ
14
L )
βγ
AB
[
g1(U, U¯)(γµ)γα(γ
µǫR)
B
β + g2(U, U¯)(γµνρ)γα(γ
µνρǫR)
B
β
+g3(U, U¯)(γµν)βγ(γ¯
µνǫR)
B
α
]
. (7.22)
Though (7.22) looks complicated, it is the simplest set of terms that one can try based
on the symmetries. Of course, we shall not consider the set of all possible supervariations
due to its complexity, but we shall restrict ourselves to showing how this set of terms
is good enough to lead to strong constraints on the structure of the equations based on
general considerations. So from now onwards, our aim will be to obtain the structure of the
equations, and not bother about the coefficients. Acting on (7.20), we note that it gives
δ(3)L(0) = 252iegλ16L (ǫ¯LλR), (7.23)
where
g = g1 − 6g2 + 4g3. (7.24)
It seems difficult to make stronger statements given that there are 3 undetermined moduli
dependent coefficients in (7.22). However, we shall now see that the constraints imposed
by the closure of the superalgebra prove strong enough to determine what is needed for our
purpose.
Because we are dealing with a theory of maximal supersymmetry, there exists no off–
shell formulation of the theory. In fact, the closure of the superalgebra is only upto the
equations of motion of the various fields, and various local symmetry transformations. This
is also true for λR. Thus,
[δ1, δ2]λR =
(
[δ
(0)
1 , δ
(0)
2 ] + [δ
(0)
1 , δ
(3)
2 ] + [δ
(3)
1 , δ
(0)
2 ] + . . .
)
λR (7.25)
closes only upto the equation of motion of λR, and other local symmetries. We shall use
this to our advantage and use the equation of motion of λR to constrain g1, g2 and g3.
18A contribution of the type
g4(U, U¯)(λ
14
L )
βγ
AB(γµνλρ)βγ(γ¯
µνλρǫR)
B
α (7.21)
vanishes because γTµνλρ = γµνλρ.
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Let us first consider closure at the level of supergravity. From the various expressions
in (C.1), we get that
[δ
(0)
1 , δ
(0)
2 ]λR = −γ¯µǫL2(ǫ¯L1∂µλR) +
1
4
γ¯µνσiǫR2(ǫ¯R1γνσ
i∂µλR)− 1
48
γ¯µνλρǫR2(ǫ¯R1γνλρ∂µλR)
−(1↔ 2). (7.26)
Using the Fierz and Schouten identities repeatedly, we rewrite (7.26) as
[δ
(0)
1 , δ
(0)
2 ]λR = (ǫ¯L1γ¯
µǫL2)∂µλR +
[
− 7
16
(ǫ¯L1γ¯
µǫL2)γ¯µ +
1
96
(ǫ¯L1γ¯
µνλǫL2)γ¯µνλ
]
/∂λR
−1
8
[
ǫR1(ǫ¯R2 /∂λR) +
1
2
γ¯µνǫR1(ǫ¯R2γµν /∂λR)
]
− (1↔ 2). (7.27)
While the first term on the right hand side of (7.27) is the standard derivative term, the
remaining terms must vanish, leading to the free equation of motion for λR.
Now let us focus on the first corrections to (7.27) obtained from (7.25) on using only
the terms given in (7.22), along with the ones which yield the SL(2,Z) covariant derivative.
Considering only the O(ǫR1ǫL2) term, we get that(
[δ
(0)
1 , δ
(3)
2 ] + [δ
(3)
1 , δ
(0)
2 ]
)
λR =
(
2iU2
∂
∂U
+
45
4
)
g
[
− 7
2
(ǫ¯L1γ¯
µǫL2)γ¯µλ
15
L
+
1
12
(ǫ¯L1γ¯
µνλǫL2)γ¯µνλλ
15
L −
1
2
γ¯µνǫR1(ǫ¯R2γµνλ
15
L )
]
= (2D11g)
[
− 7
2
(ǫ¯L1γ¯
µǫL2)γ¯µλ
15
L +
1
12
(ǫ¯L1γ¯
µνλǫL2)γ¯µνλλ
15
L
−1
2
γ¯µνǫR1(ǫ¯R2γµνλ
15
L )
]
+
1
4
δ
(3)
ǫˆ λR, (7.28)
where δ
(3)
ǫˆ is the supersymmetry transformation (7.22) with parameter
ǫˆ = (ǫ¯R2λL)ǫR1. (7.29)
The choice (7.29) is uniquely determined once the appropriate SL(2,Z) weight has been
assigned to g.
In (7.28), exactly the same linear combination of g1, g2 and g3 given by (7.24) appears
as the one in (7.23). Thus the closure of the superalgebra on λR is good enough to provide
us precisely the information we need. Thus, upto a local supersymmetry transformation,
considering the terms of the form (ǫ¯L1γ¯
µǫL2), (ǫ¯L1γ¯
µνλǫL2) and ǫR1(ǫ¯R2γµν . . .) in (7.27) and
(7.28), we get the equation of motion
/∂λR + 16(D11g)λ
15
L + . . . = 0, (7.30)
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which we match with the equation of motion obtained from the action (2.48) and (7.9)
/∂λR − i
2
f (12,−12)λ15L = 0. (7.31)
Note that this cannot be the complete analysis. This is because (7.28) does not contribute
to the free equation of motion obtained from the term ǫR1(ǫ¯R2 . . .) in (7.27). Thus there
must be other supervariations which will also contribute, and which will yield the final
equation we need. Even without worrying about the other possible contributions, from
(7.30) and (7.31) we get that
16D11g + . . . = − i
2
f (12,−12), (7.32)
where the . . . denote the other contributions. Based on SL(2,Z) covariance, we get that
g ∼ f (11,−11), (7.33)
which must be also true of the other contributions.
Note that there are more constraints that can be obtained from imposing the closure of
the superalgebra acting on λR. We looked at those terms that involve the λL equation of
motion. There are several other such terms, for example, the gravitino equation of motion
also arises from the same closure. This leads to very strong constraints on the couplings.
Now, from (7.14), (7.18), (7.23) and (7.33), we get that
D11f
(11,−11) ∼ f (12,−12), D¯−12f (12,−12) ∼ f (11,−11), (7.34)
leading to
4D¯−12D11f
(11,−11) = af (11,−11),
4D11D¯−12f
(12,−12) = af (12,−12). (7.35)
Though we have not determined the coefficient a, clearly it can be determined based on the
arguments we have made, and taking into account all the terms. Thus, (7.35) is completely
fixed by supersymmetry.
The equations (7.35) have a unique solution on the fundamental domain of SL(2,Z)
given the boundary condition that the couplings have a power law behavior in U2 for large
U2 based on physical considerations. In fact, the solutions must be given by (G.7) in
appendix (G.1) for m = 11 and 12, for some choice of s. Thus the value of a is also
determined by the value of s.
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In order to determine s, we simply use data from string perturbation theory. The U
dependent one loop amplitude for the R4 interaction is known to be given by (G.11). The
R4 interaction is obtained in the effective action from linearized superspace using (6.7).
Thus based on the SL(2,Z) covariance of the various couplings, they must be related to
one another by the action of the SL(2,Z) covariant derivatives (G.2). Thus s = 1, which
fixes
a = −121. (7.36)
Thus, supersymmetry completely determines the moduli dependent couplings of some of
the interactions in the effective action, which we have obtained using linearized superspace.
These interactions were obtained using the chiral superfield, hence the couplings are inde-
pendent of the SO(3)\SL(3,R) moduli. In fact, the couplings which have non–zero weights
under SL(2,Z) transformations, are the coefficient functions of interactions charged under
U(1) and so cannot receive contributions from interactions constructed from the linear su-
perfield, which is neutral under U(1). This will also be true the other way round when
we shall consider couplings which transform non–trivially under SL(3,Z) transformations,
which are coefficient functions of interactions that carry SU(2) charge. They will depend
only on the SO(3)\SL(3,R) moduli.
Thus the only interactions which can have couplings that depend on both the U(1)\SL(2,R)
and SO(3)\SL(3,R) moduli are those that are uncharged under U(1) as well as SU(2).
Among the interactions that follow from linearized superspace, one such interaction is the
R4 interaction. Thus our above discussion fixes only the U, U¯ moduli dependence of this
coupling.
Note that all the other couplings we have determined have some striking differences from
the R4 coupling. These couplings receive contributions only from one loop in string theory,
and there are not other perturbative or non–perturbative contributions. Also, unlike the
R4 coupling, they do not have an infra–red logarithmic divergence at one loop, because of
the absence of the lnU2 term in its expression.
There is a direct relationship between the U(1) charge of a specific interaction, and the
weight of its coupling. The coupling of an interaction which carries U(1) charge q, is an
SL(2,Z) automorphic form of weight (q/2,−q/2).
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7.2 Couplings involving only the SO(3)\SL(3,R) moduli
We next consider a set of couplings that involve only the SO(3)\SL(3,R) moduli. To begin
with, we shall consider a set of 16 fermion interactions arising from the part of the action
involving the linear superfield in (6.26). We shall see, that compared to the discussion
above, the analysis is considerably more complicated.
We look at a small subset of interactions in S(3) which mix with no other interactions
under supersymmetry transformations δ(0) of the type we shall consider. This will lead to
a coupled set of linear differential equations for the various couplings we consider, which
will lead to Poisson equations on moduli space for the various individual couplings.
As before, the equations obtained from δ(0)S(3) shall also receive contributions from
δ(3)S(0). However, unlike the above analysis involving only the chiral superfield, there are
several possible terms in the supergravity action S(0) which can contribute. This is because
the superaction involving the linear superfield involves the integral
∫
dθ8Ldθ
8
R which is real,
and yields those 16 fermion interactions in S(3) such that there are several contributions
from δ(3)S(0). Of course, the procedure to calculate them is exactly the same as above. We
shall only constrain the structure of the equations using supersymmetry, but we shall not
fix the various coefficients. In particular, we shall be very schematic in our discussion of
the δ(3)S(0) contributions. In principle, they can all be fixed using only supersymmetry, but
the calculations get very tedious.
In order to avoid the large number of indices associated with these interactions, we shall
adopt a simple notation. The SU(2) spin 3/2 fermions χL and χR in the various interactions
shall always arise in the combination σ(iχj)L and σ(iχj)R. We shall simply denote them
σ(iχj)L ≡ χL, σ(iχj)R ≡ χR, (7.37)
and drop the various i, j indices when there is no scope for confusion.
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For these fermions, we define
χ8Lχ
8
R ≡ ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
Lα1
. . . (σ(i8χj8))
A8
Lα8
)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k8χl8))
B8
Rβ8
)
,
χ8L(χ
7
R)
β8
B8
≡ ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
Lα1
. . . (σ(i8χj8))
A8
Lα8
)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k7χl7))
B7
Rβ7
)
,
(χ7L)
α8
A8
χ8R ≡ ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
Lα1
. . . (σ(i7χj7))
A7
Lα7
)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k8χl8))
B8
Rβ8
)
,
χ8L(χ
6
R)
β7β8
B7B8
≡ ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
Lα1
. . . (σ(i8χj8))
A8
Lα8
)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k6χl6))
B6
Rβ6
)
,
(χ6L)
α7α8
A7A8
χ8R ≡ ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
Lα1
. . . (σ(i6χj6))
A6
Lα6
)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k8χl8))
B8
Rβ8
)
. (7.38)
First let us consider interactions of the form
χ8Lχ
8
R, ψ¯Lµγ¯
µχ7Lχ
8
R, ψ¯Rµγ
µχ8Lχ
7
R, (ψ¯Lµγ¯
µχ7L)(ψ¯Rνγ
νχ7R), (ψ¯Lµγ¯
µ)2χ6Lχ
8
R (7.39)
in S(3). These interactions can all be obtained from (6.26), on using (6.10). In order to write
down these interactions, we consider a subset of the interactions given by (6.25). They are
given by
L(3) = e
[
g(1...8)(1...8)χ
8
Lχ
8
R
+g(1...8)(1...7)
(
χ8Lχ
6
RFˆ2 + χ
7
Lχ
7
R(Fˆ3 + Pˆij)
)
+g(1...7)(1...7)χ
6
Lχ
6
R(Fˆ
2
3 + Pˆ
2
ij + Fˆ2 · Fˆ ∗2 )
+g(1...8)(1...6){χ8Rχ4LFˆ ∗22 + χ7Rχ5L(Fˆ3 + Pij)Fˆ ∗2 + χ6Rχ6L(Fˆ3 + Pij)2}+ h.c.
]
.
(7.40)
In (7.40), the SO(3)\SL(3,R) moduli dependence of the various couplings has not been
denoted for brevity. Thus, for example,
g(1...8)(1...8) ≡ g(1...8)(1...8)(T, T¯ , ξ, ξ¯, e−2φˆ). (7.41)
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Explicitly, the first term in (7.40) which is of the form χ8Lχ
8
R is given by
g(
(i1j1)...(i8j8)
)(
(k1l1)...(k8l8)
)ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8((σ(i1χj1))A1Lα1 . . . (σ(i8χj8))A8Lα8)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k8χl8))
B8
Rβ8
)
, (7.42)
while the second term is given by
g(
(i1j1)...(i8j8)
)(
(k1l1)...(k7l7)
)ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8((σ(i1χj1))A1Lα1 . . . (σ(i8χj8))A8Lα8)
×
(
(σ(k1χl1))
B1
Rβ1
. . . (σ(k6χl6))
B6
Rβ6
)
(γ¯µν)β7β8(σ(k7)
B7B8Fˆl7)2µν , (7.43)
and similarly for the other terms.
Now (7.43) will lead to an interaction of the form gψ¯Rµγ
µχ8Lχ
7
R using Fˆ2 ∼ ψ¯RχR, as
we shall show below. The index structure of this coupling g in (7.43) has been assigned
based on the structure of this interaction we want to consider, which will be evident from
the discussion below. The conjugate interaction yields a term of the form g∗ψ¯Lµγ¯
µχ7Lχ
8
R.
Some of the remaining terms in (7.40) also yield interactions of the form ψ¯Rµγ
µχ8Lχ
7
R
and ψ¯Lµγ¯
µχ7Lχ
8
R, on using Fˆ3 ∼ ψ¯LχR + ψ¯RχL, and Pˆij ∼ ψ¯LχR + ψ¯RχL. The interactions
of the form (ψ¯Lµγ¯
µχ7L)(ψ¯Rνγ
νχ7R) and (ψ¯Lµγ¯
µ)2χ6Lχ
8
R are obtained from χ
6
Lχ
6
RFˆ
2
3 on using
Fˆ3 ∼ ψ¯RχL + ψ¯LχR. Similarly we can work out the various relevant interactions arising
from the remaining terms in (7.40). The analysis is exactly along the lines of the one we do
below. We should mention that, as in the discussion above, there are often several terms
in the superaction which contribute to the same interaction. In such cases, we expect the
couplings coming from the various contributions to be the same because they follow from
the same superfield.
Before we proceed further, we also need to know how the interactions corresponding
to the couplings g(1...8)(1...8), g(1...8)(1...7), g(1...7)(1...7) and g(1...8)(1...6) in (7.40) transform under
SU(2). We can only talk about the SU(2) transformation properties of the various inter-
actions, and not the couplings themselves. This is because SU(2) is only a symmetry of
supergravity, and is broken by the higher derivative corrections. Actually, these couplings
transform non–trivially under SL(3,Z), and we should denote them by their SL(3,Z) trans-
formation properties. However, unlike the previous case, we shall see later that the couplings
for the interactions which have non–trivial SU(2) charges do not transform as automorphic
forms of SL(3,Z), and transform in a complicated way. Thus, we find it easier to simply
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denote the couplings by the SU(2) charges the corresponding interactions carry. We shall
often loosely denote it by the SU(2) charges of the couplings themselves, but this is only
for brevity.
First let us consider the case of g(1...8)(1...8). As discussed before, every factor of σ(iχj)
(and consequently every factor of (ij) in g(1...8)(1...8)) transforms in the spin 2 representation
of SU(2). Thus the spacetime interaction in (7.42) involves the product of 16 spin 2
representations of SU(2). Expressing this as a sum of irreducible representations, we choose
the interaction to project onto the spin 32 representation of SU(2). Thus, the coupling is
symmetric under the interchange of any pair of (ij) indices. While this is not necessary
for our analysis, and one can focus on any irreducible representation of SU(2), we choose
the highest spin representation for simplicity, as the symmetry under interchange of the
various indices simplifies our calculations considerably. Similarly, we take the interaction
corresponding to the g(1...8)(1...7) coupling to transform in the spin 30 representation of SU(2)
(this follows from the analysis below because the (k7l7) term in g gets coupled to σ(k7χl7)R),
and those corresponding to the g(1...7)(1...7) and g(1...8)(1...6) couplings to transform in the spin
28 representation of SU(2). We always consider interactions which transform as the highest
spin representation of SU(2), and this will be always implicit in the discussion below.
We shall find it convenient to write the couplings in the form g()() where the indices
in the two parantheses are the number of χL and χR fields in the interaction. Obviously,
this division is artificial, as only the SU(2) representation matters. We shall later shift to
the convention where the division between χL and χR is removed, and thus an arbitrary
interaction can be analyzed.
Now let us simplify the structure in (7.43) to obtain the interaction of the type we want.
The χ8Lχ
6
R part is already of the form we want. Focusing on the rest, we use
(σk7)
B7B8(χl7)
A
R = ǫ
AB8(σk7χl7)
B7
R + (σk7)
B7A(χl7)
B8
R , (7.44)
which follows from using the Schouten identity. In (7.44), we note that the first term gives a
spacetime contribution of the kind we want, and so we consider this contribution to (7.43).
Finally, we use19
(χ6R)
αβ
ABχ
C
Rγ ∼ δC(A
[
(χ7R)
β
B)δ
α
γ − (χ7R)αB)δβγ
]
+ . . . (7.45)
19Unlike the expression in (7.2), note that (7.45) has more terms represented by . . ., because χL has 32
degrees of freedom.
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to get a space time contribution of the form ψ¯Rµγ
µχ8Lχ
7
R, where
ψ¯Rµγ
µχ8Lχ
7
R ≡ (ψ¯Rµγµ)Aαχ8L(χ7R)αA. (7.46)
We perform a similar analysis for the other couplings in (7.40) to obtain the relevant terms
in the action, where we have used the notations
(ψ¯Lµγ¯
µχ7L)(ψ¯Rνγ
νχ7R) ≡ (ψ¯Lµγ¯µ)Aα (χ7L)αA(ψ¯Rνγν)Bβ (χ7R)βB,
(ψ¯Lµγ¯
µ)2χ6Lχ
8
R ≡ (ψ¯Lµγ¯µ)Aα (ψ¯Lµγ¯µ)Bβ (χ6L)αβABχ8R. (7.47)
Thus in L(3), we consider interactions of the form20
L(3) = e
[
g(1...8)(1...8)χ
8
Lχ
8
R + g(1...8)(1...7)ψ¯Rµγ
µχ8Lχ
7
R + g(1...7)(1...8)ψ¯Lµγ¯
µχ7Lχ
8
R
+g(1...7)(1...7)(ψ¯Lµγ¯
µχ7L)(ψ¯Rνγ
νχ7R) + g(1...6)(1...8)(ψ¯Lµγ¯
µ)2χ6Lχ
8
R + . . .
]
. (7.48)
Note that21
g∗(1...8)(1...7) = g(1...7)(1...8). (7.51)
Also, to project onto the spacetime structure of the terms we want, we use the relation
(χ7L)
α
A(χL)
B
β χ
8
R =
1
16
δαβ δ
B
Aχ
8
Lχ
8
R + . . . . (7.52)
Let us first consider various contributions coming from δ(0)S(3). To begin with, let us
consider the variation of (7.48) into terms of the form ǫLχ
8
Rχ
9
L. The first term gives
δ(0)
(
eg(1...8)(1...8)χ
8
Lχ
8
R
)
∼ e
(
∂g(1...8)(1...8)
)
(ǫ¯RχL)χ
8
Lχ
8
R + . . . . (7.53)
Explicitly, the right hand side of (7.53) is given by
∂(i9j9)g
(
(i1j1)...(i8j8)
)(
(k1l1)...(k8l8)
)ǫ¯Rσ(i9χj9)L + . . . . (7.54)
20We suitably rescale the various couplings.
21We shall soon consider the convention where the couplings are characterized only by their SU(2) spins.
Thus we shall denote
g(a1...am)(am+1...an) ≡ g(a1...an) ≡ g(n). (7.49)
So, for example,
g(
(i1j1)...(i8j8)
)(
(k1l1)...(k8l8)
) = g(i1j1)...(i8j8)(k1l1)...(k8l8). (7.50)
Schematically we denote g(1...8)(1...8) = g
(16), g(1...8)(1...7) = g
(15), g(1...7)(1...8) = g
(15), g(1...7)(1...7) =
g(1...8)(1...6) = g
(14). Then (7.51) implies that g(15) is real.
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The term we have written down in (7.53) obviously comes from taking the derivatives
with respect to the moduli on using (4.57). We would like to know if there are more
contributions to (7.53), which promote the ordinary derivative to a generalized derivative,
and acts on the space of couplings, like the U(1)\SL(2,R) case.
In fact there are such contributions to (7.53) which we now calculate. Let us first focus
on the contribution from δ(0)χL ∼ ǫLχ2L. In order to contribute to (7.53), we only need
terms of the form σ(iδ
(0)χj)L ∼ σ(iχj)L, and similarly for χR. There are no such terms from
the SU(2) covariant expression for δ(0)χL in (C.1), and they only arise from the extra terms
from gauge–fixing the supersymmetry transformations given by (4.58). Thus these terms,
as expected, are not SU(2) covariant. From (4.58), we get the relevant term
σ(iδ
(0)χj)L = −3
2
ǫ kl(i θ
kσj)χ
l
L. (7.55)
Using (4.55), (2.79) and the Fierz and Schouten identities repeatedly, we get that
σ(iδ
(0)χj)L =
3
16
[{
σ(iχj)L(ǫ¯Rσ3χ3L)− 1
2
γµνσ(iχj)L(ǫ¯Rγµνσ3χ3L)
+
1
24
γµνλρσ(iχj)L(ǫ¯Rγµνλρσ3χ3L) + σ(iσ3ǫL(χ¯3Rχj)L)− 1
2
γµνσ(iσ3ǫL(χ¯3Rγµνχj)L)
+
1
24
γµνλρσ(iσ3ǫL(χ¯3Rγµνλρχj)L)
}
− (3→ 1)
]
−3
4
[
δ1(iσj)
{
2χ1L(ǫ¯Rσ1χ1L) + 2χ2L(ǫ¯Rσ2χ1L) + iχ3L(ǫ¯Rχ2L)− iχ2L(ǫ¯Rχ3L)
}
+δ3(iσj)
{
− 2χ3L(ǫ¯Rσ3χ3L)− 2χ2L(ǫ¯Rσ2χ3L) + iχ1L(ǫ¯Rχ2L)− iχ2L(ǫ¯Rχ1L)
}
−iδ2(iσj)
{
χ1L(ǫ¯Rχ3L) + χ3L(ǫ¯Rχ1L)
}]
, (7.56)
where we have kept only the terms proportional to ǫL. This gives a contribution
σ(iδ
(0)χj)L =
3
16
σ(iχj)L
(
ǫ¯Rσ3χ3L − ǫ¯Rσ1χ1L
)
(7.57)
exactly of the kind we need. The coefficient in (7.57) can receive additional contributions
from δ(3)L(0), as we shall schematically describe later22. However, it is not difficult to write
down the final answer which is
σ(iδ
(0)χj)L = 2σ(iχj)L
(
ǫ¯Rσ3χ3L − ǫ¯Rσ1χ1L
)
, (7.58)
and similarly for χR. This can be seen by considering the expression (G.21), and noting
that D
(1)
(ij)D
(0)
(ij) = 2∆, where ∆ is the Laplacian on SO(3)\SL(3,R) given by (F.10). Now
22This is unlike the U(1)\SL(2,R) analysis done before.
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D
(0)
(ij) which contains only the derivatives comes from varying the R4 coupling. While
the derivative terms in D
(1)
(ij) have a similar origin, the remaining terms come from the
supervariation of one factor of σ(iχj)L in the spacetime interaction, which directly leads to
(7.58).
Thus, the right hand side of (7.53) is given by23
D
(16)
(i9j9)
g(
(i1j1)...(i8j8)
)(
(k1l1)...(k8l8)
)ǫ¯Rσ(i9χj9)L. (7.59)
where the expression for D
(n)
(ij) is given in (G.21).
The second term in (7.48) gives contributions from the supervariation of ψL. Since
we only want to see the specific spacetime structure emerge, it is good enough to do the
analysis for any term in δ(0)ψL. From (C.1), we thus consider
δ(0)ψµL = −1
6
(ǫ¯RσiχjL)σiγµχjR, (7.60)
which gives
δ(0)
(
ψ¯µRγ
µχ8Lχ
7
R
)
=
4i
3
(ǫ¯RσiχjL)χ
8
L(χ
7
RσiχjR). (7.61)
Thus, we get that
δ(0)
(
eg(1...8)(1...7)ψ¯µRγ
µχ8Lχ
7
R
)
∼ eδg(1...8)(1...7)(ǫ¯RχL)χ8Lχ8R. (7.62)
The right hand side of (7.62) contains[
g(
(i1j1)...(i8j8)
)(
(k1l1)...(k7l7)
)δk8i9δl8j9]ǫ¯Rσ(i9χj9)L. (7.63)
Similarly, the third term in (7.48) gives contributions from the supervariation of ψR. As
before, from (C.1), we consider
δ(0)ψµR =
1
6
(ǫ¯RσiχjL)σiγ¯µχjL, (7.64)
which gives24
δ(0)
(
ψ¯µLγ¯
µχ7Lχ
8
R
)
= −4i
3
(ǫ¯RσiχjL)(χ
7
LσiχjL)χ
8
R, (7.65)
23Right now, we are looking at only the minimal set of terms in the effective action which provide the
necessary supervariations in an obvious way. At least this much structure is needed to see that a set of
equations relating the various couplings arises. We shall talk about possible additional terms that could
modify the equations later.
24The sum of the supervariations does vanish for the contributions (7.61) and (7.65) we have considered.
However, this should not vanish when all the contributions are taken into account.
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leading to
δ(0)
(
eg(1...7)(1...8)ψ¯µLγ¯
µχ7Lχ
8
R
)
∼ eδg(1...7)(1...8)(ǫ¯RχL)χ8Lχ8R. (7.66)
The right hand side of (7.66) contains[
g(
(i1j1)...(i7j7)
)(
(k1l1)...(k8l8)
)δi8i9δj8j9]ǫ¯Rσ(i9χj9)L. (7.67)
The remaining terms in (7.48) do not give a contribution of the type we want.
Thus from (7.53), (7.62) and (7.66), on using (7.49), we get that
D
(16)
(kl) g(i1j1)...(i16j16) = c1g(i1j1)...(i15j15)δki16δlj16 . (7.68)
In short, we write (7.68) schematically as
D(16)g(16) = c1g
(15). (7.69)
Thus, D(16) acts as a spin 2 operator which acting on a coupling corresponding to an
interaction in the spin 32 representation gives the coupling corresponding to an interaction
in the spin 30 representation of SU(2).
Note that there can be a term in the effective action of the type
eχ8L(χ
6
R)
αβ
AB(σi9χj9L)
A
αλ
B
Lβ (7.70)
which can vary into ǫLχ
9
Lχ
8
R for
25
δ(0)λL ∼ (ǫ¯RσiχjR)σiχjR. (7.71)
This term cannot be obtained from (6.26) using linearized superspace. However, the con-
tribution of this term simply changes the value of c1 in (7.69).
Now let us consider the supervariation of (7.48) under δ(0) into terms of the form
χ8Lχ
8
RǫLψR. We shall give some of the details of the calculations for the first couple of
terms, and then simply give the answers. The first term in (7.48) gives three contributions
involving the supervariations of e aµ , χL and χR respectively. The metric variation yields
(δ(0)e)χ8Lχ
8
R = −e(ǫ¯RγµψµR)χ8Lχ8R. (7.72)
The contribution from the supervariation of χL is obtained from the Fˆ
∗
2 term in (C.1) on
using Fˆ ∗2 ∼ ψRχL. To obtain it, we use
(σiδ
(0)χjL)
A
α =
1
2
(γµνǫL)
B
α (ψ¯
µ
Lγ¯
ν)Cβ
[
ǫBC(σiχjL)
Aβ + ǫDBχ
Dβ
kL (σi∆jk)
A
C
]
, (7.73)
25One can obtain such a term by manipulating the corresponding terms in (C.1).
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which can be obtained on using the Schouten identity. Note that the first term in (7.73)
yields a contribution of the type we want on using (7.52), leading to
(δ(0)χ8L)χ
8
R ∼ (ǫ¯RγµψµR)χ8Lχ8R. (7.74)
Similarly, the term involving the supervariation of χR gives
χ8L(δ
(0)χ8R) ∼ (ǫ¯RγµψµR)χ8Lχ8R, (7.75)
on using Pˆij ∼ ψRχR and Fˆ3 ∼ ψRχR, and
γ¯νσγ¯
µνσ = −42γ¯µ. (7.76)
Thus we get that
δ(0)
(
eg(1...8)(1...8)χ
8
Lχ
8
R
)
∼ eg(1...8)(1...8)(ǫ¯RγµψµR)χ8Lχ8R. (7.77)
The second term in (7.48) can give a possible contribution using
δ(0)ψµL =
1
24
σi(γµνλρ − 6gµνγλρ)ǫL(ψ¯L[ν γ¯λρ]χiR)− 1
4
σiǫL(ψ¯µLχiR) +
1
2
σiγ
νψµR(ǫ¯RγνχiR),
(7.78)
which follows from (C.1). However, this does not yield a contribution of the type we want,
and so it vanishes. Thus
δ(0)
(
eg(1...8)(1...7)ψ¯Rµγ
µχ8Lχ
7
R
)
= 0. (7.79)
The third term in (7.48) yields contributions coming from the supervariations of g(1...7)(1...8), χL
and χR leading to
eδ(0)
(
g(1...7)(1...8)ψ¯Lµγ¯
µχ7Lχ
8
R
)
= − ie
16
(
D(15)g(1...7)(1...8)
)
(ǫ¯Rγ
µψµR)χ
8
Lχ
8
R, (7.80)
where
D(15)g(1...7)(1...8) ≡ D(15)(i1j1)g(
(i2j2)...(i8j8)
)(
(k1l1)...(k8l8)
). (7.81)
Note that there is no contribution to D(15) from the supervariation of ψRµ, which is not
difficult to see from (4.58). This is what is expected, because the spacetime interaction has
all its SU(2) indices contracted except the spin 2 indices carried by the σ(iχj) factors. This
continues to hold in our discussion below.
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Exactly similarly the contribution from the supervariation of the terms involving g(14)
in (7.48) comes from δ(0)ψL ∼ ǫLχLχR and δ(0)ψR ∼ ǫLχ2L on using (C.1), and yields
δ(0)
(
g(1...7)(1...7)(ψ¯Lµγ¯
µχ7L)(ψ¯Rνγ
νχ7R) + g(1...6)(1...8)(ψ¯Lµγ¯
µ)2χ6Lχ
8
R
)
∼ eδg(1...7)(1...7)(ǫ¯RγµψµR)χ8Lχ8R. (7.82)
From (7.77), (7.79), (7.80) and (7.82), we get that
D
(15)
(i1j1)
g(
(i2j2)...(i8j8)
)(
(k1l1)...(k8l8)
) = d1g(
(i1j1)...(i8j8)
)(
(k1l1)...(k8l8)
)
+d2g(
(i1j1)...(i7j7)
)(
(k1l1)...(k7l7)
)δi8k8δj8l8 , (7.83)
where we have absorbed the contribution from the term involving g(1...6)(1...8) into that from
g(1...7)(1...7) using (7.49). Using (7.49), (7.83) can be schematically written as
D(15)g(15) = d1g
(16) + d2g
(14). (7.84)
which is explicitly
D
(15)
(i1j1)
g(i2j2)...(i16j16) = d1g(i1j1)...(i16j16) + d2g(i1j1)...(i14j14)δi15i16δj15j16 . (7.85)
In (7.84), D(15) acts as a spin 2 operator which acting on a coupling corresponding to an
interaction in the spin 30 representation gives couplings corresponding to interactions in the
spin 32 and spin 28 representations of SU(2). In spite of the complexity of the calculations,
the structure of the final answer is quite simple, due to supersymmetry.
Thus, the supervariation of the terms in the effective action we have considered gives
us (7.69) and (7.84). Does this pattern continue?
It is not difficult to see that it does. In fact, the next equation is given by
D(14)g(14) = e1g
(15) + e2g
(13). (7.86)
Now, (7.86) can be obtained by starting with the term g(14)χ8Lχ
6
Rψ
2
L in the effective action
which can be obtained from g(14)χ6Lχ
6
RFˆ
2
3 , and varying it into D
(14)g(14)ǫLχ
9
Lχ
6
Rψ
2
L. This
supervariation can also be obtained from other terms in the effective action which contribute
to (7.86). These terms are, for example, of the form g(15)χ8Lχ
7
RψL and g
(13)χ7Lχ
6
Rψ
2
LψR, which
can be obtained from g(15)χ7Lχ
7
RFˆ3 and g
(13)χ5Lχ
5
RFˆ
3
3 respectively. It is crucial that there are
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no other couplings with any other spin that contribute to (7.86). This generalizes easily all
the way upto
D(9)g(9) ∼ g(10) + g(8), (7.87)
using the interactions g(16−n)χ8−nL χ
8−n
R Fˆ
n
3 for 0 ≤ n ≤ 8, and repeating the above logic. To
obtain the analogous equation for D(8)g(8), while g(9) is obtained as above, none of the terms
that give a contribution involving g(7) arise from the linearized superfield (6.10). This is
not surprising because linearized superspace gives only a small subset of interactions in the
effective action. However, it is not difficult to write down a term involving g(7) that gives
the relevant supervariation. Such a term, of the form χ7LψRψ
8
L is given by
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
α1
. . . (σ(i7χj7))
A7
α7
)
(ψ¯Lν γ¯
ν)A8α8
×
(
(ψ¯Rµ1γ
µ1)B1β1 . . . (ψ¯Rµ8γ
µ8)B8β8
)
, (7.88)
which gives the required supervariation for
δ(0)ψRµ ∼ γµσiχjL(ǫ¯RσiχjL). (7.89)
Now the analysis goes through all the way upto
D(0)g(0) ∼ g(1), (7.90)
using the interactions g(8−n)χ8−nL ψ
n
Rψ
8
L for 0 ≤ n ≤ 8. These interactions are explicitly
given by
ǫα1...α8ǫβ1...β8ǫA1B1 . . . ǫA8B8
(
(σ(i1χj1))
A1
α1
. . . (σ(i8−nχj8−n))
A8−n
α8−n
)
×
(
(ψ¯Lν1γ¯
ν1)A7−nα7−n . . . (ψ¯Lνn γ¯
νn)A8α8
)(
(ψ¯Rµ1γ
µ1)B1β1 . . . (ψ¯Rµ8γ
µ8)B8β8
)
, (7.91)
Thus we obtain the sequence of equations
D(16)g(16) = g(15),
D(15)g(15) = g(16) + g(14),
D(14)g(14) = g(15) + g(13),
...
. . .
D(1)g(1) = g(2) + g(0),
D(0)g(0) = g(1). (7.92)
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for the various couplings in the supermultiplet, which follows as a consequence of super-
symmetry. We have set the various undetermined coefficients in (7.92) to 1 for brevity,
but they can all be completely determined by supersymmetry. It follows that if any one of
the couplings in (7.92) at either end of the sequence can be determined, then all the other
couplings can be determined recursively. The structure of the equations (7.92) is consistent
with the fact that for the kind of couplings we have considered, on any spin 2 index, D(n)
acts as
D
(n)
(ij) : A(kl) → A(ij)(kl) +Aδikδjl. (7.93)
Thus it reduces the spin by 2, and increases it by 2. This happens with every coupling in
(7.92), except for the first and last couplings in the sequence, because there are no couplings
to vary into for some spins.
So far we have considered only the contributions coming from δ(0)L(3). Let us now focus
on the contributions coming from δ(3)L(0) very schematically. To be specific, we consider
the added contributions to (7.69). These terms are obtained from the supervariation of the
action into ǫLχ
9
Lχ
8
R. There are several terms in L(0) which can give this supervariation for
appropriate δ(3). They are
λLχ
3
L, λRχ
3
R, χ
2
Lχ
2
R, χ
2
LχRψL, χ
2
RχLψR. (7.94)
We focus on only the χ2Lχ
2
R term, and consider the supervariation
δ(3)χL ∼ f (15)ǫLχ6Rχ8L + f (16)θχ7Lχ6R + f (14)ǫLχ5Rχ7L(χL • χR), (7.95)
where the SU(2) indices on the new couplings have been assigned anticipating the answer.
Note that the f (16) term is non covariant, and χL•χR = (σ(iχj)L )(σ(iχj)R). Now let us consider
the contributions from δ(3)(χ2Lχ
2
R) given (7.95). The contribution of the f
(16) term is of the
form required to extend ∂ → D in (7.69), and thus f (16) ∼ g(16). For the subset of terms
we are considering, we do not expect the f (14) term (as well as similar terms) to contribute
to the final answer because of (7.93)26. Thus we get that
δ(3)(χ2Lχ
2
R) ∼ (f (15) + g(16))ǫLχ9Lχ8R. (7.96)
To get more information, we now impose the constraint of closure of the superalgebra on
26We shall see below that there can be other terms that can contribute to (7.92), and then such terms
will contribute. For example, a non–covariant f (14) term in (7.95) is needed to send ∂f (14) → Df (14).
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χL which gives, among other things, the χR equation of motion. We get that
[δ
(0)
2 , δ
(3)
1 ]χL ∼ (D(15)f (15))ǫL1ǫR2χ7Rχ8L + f (14)ǫL1ǫR2χ7Rχ8L
+f (15)ǫL1ǫR2χ
7
Rχ
8
L + f
(16)θ1χ
7
Lχ
7
RǫR2 + f
(14)ǫL1ǫR2χ
7
Rχ
8
L + . . . , (7.97)
where we have dropped other non–covariant terms, like
(D(16)f (16))θ1χ
7
Lχ
7
RǫR2, (7.98)
as well as
(D(14)f (14))ǫL1ǫR2χ
7
Rχ
8
L (7.99)
which is not expected to contribute because of (7.93)27. The terms in the first line of (7.97),
and (7.98) arise in an obvious way, while the terms in the second line of (7.97) involving
f (16) and f (15) are there to provide the correct coefficients to extend ∂ → D, while the f (14)
term must arise in a suitable way such that the all the terms in the second line of (7.97)
can be represented as δ
(3)
ǫˆ χL for ǫˆ ∼ ǫL1ǫR2χR. Thus this entire contribution in the closure
can be absorbed as a local symmetry transformation.
Along with
[δ
(0)
1 , δ
(0)
2 ]χL ∼ ǫL1ǫR2 /∂χL, (7.100)
(7.97) leads to the equation of motion
/∂χL + (D
(15)f (15))χ7Rχ
8
L + f
(14)χ7Rχ
8
L + . . . = 0, (7.101)
leading to
(D(15)f (15)) ∼ g(16) + f (14), (7.102)
using the terms in the action. On the other hand, (7.98) would have yielded a term in the
action which cannot exist, and hence the total contribution must vanish. Thus, (7.102)
yields f (15) ∼ g(15), f (14) ∼ g(14) on using (7.84) self–consistently, and so from (7.96) we see
that the structure of (7.69) is unchanged, with the coefficients receiving corrections. We
expect this analysis to go through for the other couplings.
Thus we are left with the set of equations (7.92), which can be analyzed further to give
Poisson equations on moduli space for every coupling. The source terms in each equation
27Such a contribution vanishes because one has 16 pairs of indices to contract at the end, while this gives
15, the remaining pair gives 0 on tracing.
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for a specific coupling are given by some other couplings in the same supermultiplet. The
structure of the source terms, however, is quite complicated as can be seen from (7.92).
Are there corrections to (7.92)? We now address this issue because so far we have only
looked at the miminal set of terms needed to get this structure. There are other terms that
can possibly contribute to (7.92) simply based on the structure of the SU(2) indices. For
example, in the equation for D(16)g(16), there can be a term of the form D(14)g(14) as well,
where the index contraction is exactly the same as for the g(15) term. Such a term would
arise from the supervariation of a term in the action of the form g(14)χ7Lχ
7
R(χL•χR). Clearly
these kinds of terms can be added on the right hand side of (7.92) which involve couplings
of interactions with lower SU(2) spin. However, note that last two equations in (7.92)
involving D(0)g(0) and D(1)g(1) stay as they are. This also modifies the constraints imposed
by the closure of the superalgebra. However, the conclusions remain unchanged. That
is, every coupling satisfies a first order differential equation relating it to other couplings,
which on iteration shows that each coupling satisfies Poisson equation on moduli space,
where the source terms are complicated.
Let us analyze in detail the two equations which lead to the Poisson equation for g(0).
From (7.92), we get that
D
(0)
(ij)g
(0) = a1g
(1)
(ij),
1
4
(
D
(1)
(ij)g
(1)
(kl) +D
(1)
(kl)g
(1)
(ij)
)
= a2g
(2)
((ij)(kl)) + a3g
(0)(δikδjl + δilδjk), (7.103)
which leads to
∆g(0) = λ1g
(0) + λ2g
(2)
(ij)(ij), (7.104)
where λ1 = 12a1a3 and λ2 = a1a2. Thus, the coupling g
(0), which is the coefficient of
the R4 interaction satisfies (7.104), which is completely determined by the constraints of
supersymmetry.
However, our analysis based on supersymmetry is not strong enough to solve (7.104) for
g(0), because of the presence of the unknown source term. Now, we simply make some plau-
sible arguments to determine g(0). We have that ∆g(0) and g(0) are both SL(3,Z) invariant
automorphic forms, and thus so is g
(2)
(ij)(ij). The tree level amplitude which contributes to
g(0) is known to be proportional to ζ(3)e−2φˆ. Because ζ(3) is not factorizable, it is plausible
that λ2 = 0, or if non–zero, then g
(2)
(ij)(ij) ∼ g(0) itself28. In that case, g(0) satisfies the Laplace
28This factorizability has been crucial for the D6R4 coupling in 10 dimensions [12]. The coupling, call it
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equation
∆g(0) = µg(0). (7.106)
Based on the boundary conditions, g(0) is therefore uniquely given by an Eisenstein series
defined by (G.17) for some choice of s. From the tree level amplitude, we see that s = 3/2
and so µ = 0 [15]. However, as discussed in appendix (G.2), E3/2(M) is divergent and has
to be regularized.
We should mention that the generalized derivative D
(n)
(ij) has appeared in the supervari-
ations, and consequently, in the equations (7.92). It is clear from the way they appear
that the value of n gives the SU(2) spin of the interaction. However, since the couplings
involved are not automorphic forms of SL(3,Z), we do not understand its role, if any, as
some covariant derivative of the U–duality group.
7.3 A coupling involving all the moduli
As discussed before, a coupling which involves all the moduli is the R4 coupling. This is
given by [15]
Eˆ3/2(M) + 2Eˆ1(U, U¯). (7.107)
The relative coefficient between the two terms is fixed to satisfy the U ↔ T symmetry
of the perturbative part of the amplitude, which interchanges the type IIA and type IIB
theories.
7.4 Some plausible generalizations
Although the calculations are complicated and it is difficult to fix the coefficients, the
structure of the first order differential equations that emerge as a consequence of super-
symmetry is quite simple. It suggests that this procedure should be generalizable to lower
dimensions, for example, to N = 8, d = 4 supergravity, where the classical moduli space is
(SU(8)/Z2)\E7(7)(R), and the U–duality group is E7(7)(Z). In that case in order to con-
struct the relevant 16 fermion terms in the effective action, one should again use linearized
f , satisfies
∆f = 12f − 6E23/2 (7.105)
on the fundamental domain of SL(2,Z). Here, the tree level contribution ∼ ζ(3)2, which also matches that
from E23/2, using (G.4).
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superspace. A candidate 1/2 BPS superaction is given by∫
d4x
∫
d16θf(W ), (7.108)
where the fermionic integral over the chiral part of the superspace is given by∫
d16θ ≡
∫
ǫi1...i8ǫj1...j8(dθ
i1α1 . . . dθi8α8)(dθj1α1 . . . dθ
j8
α8
). (7.109)
In (7.109), θi is in the 8 of SU(8), and we have used the two component chiral spinor
notation. In (7.108), the chiral superfield Wijkl which satisfies [37, 38]
W ijkl =
1
4!
ǫijklmnopWmnop, (7.110)
is in the 70 of SU(8), and is given by [39]
Wijkl = φijkl + θ[iχjkl] + (θ[iσ
µνθj)(ψ¯
mλσ¯λσµνχkl]m) + . . . . (7.111)
In (7.111), the unitary gauge has been used and so φijkl which also satisfies (7.110) are the
70 scalars, and the spin 1/2 fermions χijk and the gravitini ψµi are in the 56 and 8 of SU(8)
respectively. Thus, from (7.109) one immediately obtains the χ16 and ψ¯χ15 interactions in
S(3), which should be the starting point of the analysis as we have done. Decompactifying
the degrees of freedom in the couplings to higher dimensions must produce the couplings
in the higher dimensions as well.
In fact we can see very schematically what structure to expect. The interactions χ16
and ψ¯χ15 will involve the tensor product of 16 and 15 of the 70 representations of SU(8).
As we have done in the d = 8 case, we can project onto the completely symmetric product
among the irreducible representations that arise in the tensor product. Thus the χ16 and
ψ¯χ15 interactions are in the 715536058545 and 313203587004 representations of SU(8)
respectively, and we can carry out the analysis. Thus given the structure of the interactions,
the generalized derivative D[ijkl] in the 70 of SU(8), should act as
D[ijkl] : A[mnop] → A[ijkl][mnop] +Aδimδjnδkoδlp, (7.112)
where the symmetrization is implicit. This is enough to lead to a set of equations like
(7.92), along with corrections of the type discussed before. Thus, we get a repitition of the
structure we have for d = 8, and this should be true for d = 5, 6, 7.
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Among the theories where the classical moduli space involves finite dimensional groups,
the only other case is N = 16, d = 3, where the moduli space is SO(16)\E8(8)(R), and the U–
duality group is E8(8)(Z). Even though the graviton and the gravitini in the 16 of SO(16) do
not have any physical degrees of freedom, this theory is non–trivial because it is interacting.
The entire degrees of freedom are contained in the 128 scalars and the 128 Majorana spin
1/2 particles [40], where they are in the two inequivalent spinor representations of SO(16).
The R4 interaction vanishes in d = 3 because it only involves the Weyl tensor which follows
from perturbative string computations for maximal supersymmetry in any dimension. It
is plausible that all the interactions of the type we have considered which result from the
supermultiplet vanish, and there is nothing to consider.
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8 Appendices
A Fierz transformations and various gamma matrix identities
We need Fierz transformations involving 8 dimensional chiral fermions in our calculations.
They are given by
χLαλ¯Rβ = −1
8
δαβ(χ¯RλL)− 1
16
(γµν)αβ(χ¯RγµνλL)− 1
192
(γµνλρ)αβ(χ¯RγµνλρλL),
χRαλ¯Lβ = −1
8
δαβ(χ¯LλR)− 1
16
(γ¯µν)αβ(χ¯Lγ¯µνλR)− 1
192
(γ¯µνλρ)αβ(χ¯Lγ¯µνλρλR),
χRαλ¯Rβ = −1
8
(γ¯µ)αβ(λ¯RγµχR) +
1
48
(γ¯µνλ)αβ(λ¯RγµνλχR),
χLαλ¯Lβ = −1
8
(γµ)αβ(λ¯Lγ¯µχL) +
1
48
(γµνλ)αβ(λ¯Lγ¯µνλχL), (A.1)
where α, β = 1, . . . , 8 are spinor indices.
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We also make use of the relations involving the gamma matrices
γµνλργµνλρ = 1680, γ
µνλργστγµνλρ = −240γστ , γµνλργστκηγµνλρ = 144γστκη,
γµνργ¯µνρ = −336, γµνργ¯λγµνρ = 84γλ, γµνργ¯λσγ¯µνρ = 24γλσ,
γµνργ¯λσκγµνρ = −36γλσκ, γµνργ¯λσκηγ¯µνρ = 0, γµνγµν = −56, γµνγλγ¯µν = −28γλ,
γµνγλργµν = −8γλρ, γµνγλρσγ¯µν = 4γλρσ, γµνγλρστγµν = 8γλρστ , γµγ¯µ = 8,
γµγ¯νγµ = −6γν , γµγ¯νλγ¯µ = 4γνλ, γµγ¯νλργµ = −2γνλρ, γµγ¯νλστ γ¯µ = 0. (A.2)
B The fermions from d = 10
Let us now express the fermionic degrees of freedom in terms of the 10 dimensional fermions
of type IIB supergravity. In order to do so, it is sufficient to consider the covariant deriva-
tives in (2.83), and look at the U(1)τ charges carried by the various fields, which can be
calculated using (4.11). For this purpose, instead of the constrained field χiLA, it is more
convenient to consider the unconstrained field ηLAˆ (Aˆ = 1, 2, 3, 4) in the 4 of SU(2). Thus,
under U(1)\SL(2,R)τ , we have that
DµψνL = DµψνL + i
2
Qτµσ
1ψνL + . . . ,
DµλL = DµλL + i
2
Qτµσ
1λL + . . . ,
DµηL = DµηL + i
2
QτµT
1ηL + . . . , (B.1)
where
T 1 =


0
√
3 0 0√
3 0 2 0
0 2 0
√
3
0 0
√
3 0

 , (B.2)
and
Qτµ = −
∂µτ1
2τ2
. (B.3)
Thus, we see that the combinations
Ω1 = {ψµ1L − ψµ2L, λ1L − λ2L, η1L − η2L√
3
− η3L√
3
+ η4L} (B.4)
have U(1)τ charge 1/2, while the combination
Ω2 = −η1L +
√
3η2L −
√
3η3L + η4L (B.5)
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has U(1)τ charge 3/2. Also the combinations
Ω3 = {ψµ1L + ψµ2L, λ1L + λ2L, −η1L − η2L√
3
+
η3L√
3
+ η4L}, (B.6)
and
Ω4 = η1L +
√
3η2L +
√
3η3L + η4L (B.7)
carry U(1)τ charges −1/2 and −3/2 respectively. So, {Ω1,Ω∗3} descend from the d = 10
gravitino Ψµ which has U(1)τ charge 1/2, while {Ω2,Ω∗4} descend from the d = 10 dilatino λˆ
which has U(1)τ charge 3/2. Of course, this precise decomposition of the degrees of freedom
depends on the choice of gauge. However, from the gauge covariance of the equations, it
follows that the degrees of freedom in ψµL (160), λL (32), and half of those in χL (32)
descend from the gravitino (224), while the remaining half of the degrees of freedom in χL
(32) descend from the dilatino (32). Thus the fermionic degrees of freedom intermingle in
a complicated way.
Intuitively, one can also deduce it from the supersymmetry transformations (C.1). It
follows that λL (because its supervariation involves the U(1)\SL(2,R)U moduli), ψµL and a
part of χL (because its supervariation involves the SU(2)\SL(3,R) moduli) descends from
the gravitino, while the remaining part of χL descends from the dilatino. The rest follows
from simply counting the degrees of freedom.
One can also calculate the U(1)T charges of the various fields in (2.83) using (4.12) in
a straightforward manner.
C Supersymmetry transformations
At the two derivative level, the supersymmetry transformations of the various fields of
N = 2, d = 8 supergravity are given by
δ(0)e aµ = −
(
ǫ¯Lγ¯
aψµL + ǫ¯Rγ
aψµR
)
,
δ(0)L U+ = L
U
− ǫ¯RλL,
δ(0)L U− = L
U
+ ǫ¯LλR,
L mi δ
(0)Lmj = −1
2
[
ǫ¯L
(
σiχjR + σjχiR
)
− ǫ¯R
(
σiχjL + σjχiL
)]
,
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δ(0)AmUµ =
√
2L mi
[
L U−
(
ǫ¯Rσ
iψµL +
1
2
ǫ¯Lγ¯µσ
iλL − ǫ¯RγµχiR
)
−L U+
(
ǫ¯Lσ
iψµR +
1
2
ǫ¯Rγµσ
iλR + ǫ¯Lγ¯µχ
i
L
)]
,
δ(0)Bµνm = −ǫmnpǫUV
(
δ(0)AnU[µ
)
ApVν] − 2L im
(
ǫ¯Lσ
iγ¯[µψν]L − ǫ¯Rσiγ[µψν]R
)
−L im
(
ǫ¯Lγ¯µνχ
i
R + ǫ¯Rγµνχ
i
L
)
,
δ(0)Cµνρ = −3(δ(0)Am1[µ )
(
Bνρ]m − ǫmnpAn2ν Ap1ρ]
)
− 3
√
2L 1−
(
ǫ¯Rγ[µνψρ]L − 1
6
ǫ¯Lγ¯µνρλL
)
−3
√
2L 1+
(
ǫ¯Lγ¯[µνψρ]R − 1
6
ǫ¯RγµνρλR
)
,
δ(0)λL = iγ
µPˆµǫR − i
4
√
2
Fˆ i2µνγ
µνσiǫL − i
96
√
2
Tˆ−µνλργ
µνλρǫL
+
1
6
σiγµǫR(λ¯Rγ
µχiR) +
1
3
γµχiR(ǫ¯Lγ¯µσiλL)− 1
12
σiλL(ǫ¯LχiR)
−1
2
σiǫL(λ¯RχiL)− 1
24
γµνσiǫL(χ¯iRγµνλL) +
1
3
χiL(ǫ¯RσiλL) +
1
12
σiλL(ǫ¯RχiL)
+
1
8
ǫL(χ¯iLχiR)− 1
16
γµνσiǫL(χ¯jLγ¯µνσiχjR)− γµχiR(ǫ¯RγµχiR),
δ(0)λR = −iγ¯µPˆ ∗µǫL −
i
4
√
2
Fˆ ∗i2µν γ¯
µνσiǫR +
i
96
√
2
Tˆ+µνλργ¯
µνλρǫR
−1
6
σiγ¯µǫL(λ¯Lγ¯
µχiL)− 1
3
γ¯µχiL(ǫ¯RγµσiλR) +
1
12
σiλR(ǫ¯RχiL)
+
1
2
σiǫR(λ¯LχiR) +
1
24
γ¯µνσiǫR(χ¯iLγ¯µνλR)− 1
3
χiR(ǫ¯LσiλR)− 1
12
σiλR(ǫ¯LχiR)
+
1
8
ǫR(χ¯iRχiL)− 1
16
γ¯µνσiǫR(χ¯jRγµνσiχjL)− γ¯µχiL(ǫ¯Lγ¯µχiL),
δ(0)χiL = −
1
2
γµPˆ ijµ σjǫR −
i
4
√
2
Fˆ ∗j2µν∆ijγ
µνǫL − 1
24
Fˆ3µνλj∆ijγ
µνλǫR − 1
2
∆ijǫL(λ¯LχjR)
+
∆ij
2
[
γµλR(ǫ¯RγµχjR) +
1
3
λL(ǫ¯LσjλR)− 1
12
γµνλL(ǫ¯Lγ¯µνσjλR)
]
− 1
16
∆ijγ
µνǫL(χ¯kRγµνσjχkL) +
1
2
∆ijσkǫL(χ¯jRχkL)−∆ijχkL(ǫ¯Rσ(jχk)L)
−1
4
∆ijσkχjL(ǫ¯RχkL)− 1
2
∆ijγµσkǫR(χ¯R[jγ
µχk]R) + ∆ijχkL(ǫ¯Lσ(jχk)R)
+
1
2
∆ijγ
µσkχjR(ǫ¯Lγ¯µχkL) +
1
4
∆ijσkχjL(ǫ¯LχkR),
δ(0)χiR =
1
2
γ¯µPˆ ijµ σjǫL +
i
4
√
2
Fˆ j2µν∆ij γ¯
µνǫR − 1
24
Fˆ3µνλj∆ij γ¯
µνλǫL − 1
2
∆ijǫR(λ¯RχjL)
+
∆ij
2
[
γ¯µλL(ǫ¯Lγ¯µχjL)− 1
3
λR(ǫ¯RσjλL) +
1
12
γ¯µνλR(ǫ¯RγµνσjλL)
]
+
1
16
∆ij γ¯
µνǫR(χ¯kLγ¯µνσjχkR)− 1
2
∆ijσkǫR(χ¯jLχkR) + ∆ijχkR(ǫ¯Lσ(jχk)R)
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+
1
4
∆ijσkχjR(ǫ¯LχkR) +
1
2
∆ij γ¯µσkǫL(χ¯L[j γ¯
µχk]L)−∆ijχkR(ǫ¯Rσ(jχk)L)
−1
2
∆ijγ¯
µσkχjL(ǫ¯RγµχkR)− 1
4
∆ijσkχjR(ǫ¯RχkL),
δ(0)ψµL = DµǫL + i
24
√
2
Fˆ iνλ2 σ
i(γµνλ − 10gµνγλ)ǫR + 1
72
Fˆ νλρi3 σ
i(γµνλρ − 6gµνγλρ)ǫL
− i
192
√
2
Tˆ−νλρσγ
νλρσγµǫR − 1
18
(8gµν − γµν)
[
σiλL(ǫ¯Lγ¯
νχiL) + χiL(ǫ¯Lγ¯
νσiλL)
]
+
1
72
[
γν(χ¯iRγµνλL) +
1
2
γµνρ(χ¯iRγ
νρλL)
]
σiǫR
+
1
4
σi
[
ǫL(ψ¯µRχiL − ψ¯µLχiR)− ψµL(ǫ¯RχiL − ǫ¯LχiR)
]
− χiL(ǫ¯RσiψµL)
−1
2
σiγ
ν
[
ǫR(ψ¯µRγνχiR)− ψµR(ǫ¯RγνχiR)
]
+
1
6
[
(ǫ¯LσiχjR)σi + (ǫ¯LχjR)
]
γµχjR
+
1
48
[
− 5γν(χ¯jLσiγ¯µνχjR) + 1
2
γµνρ(χ¯jLγ¯
νρσiχjR)
]
σiǫR − 1
48
γµǫR(χ¯iLχiR)
+
1
6
(5gµν − γµν)χiL(ǫ¯RγνχiR) + 1
6
[
(χ¯jRγµσiχjR)− 1
2
γµν(χ¯jRγ
νσiχjR)
]
σiǫL
−1
6
[
σi(ǫ¯RσiχjL) + (ǫ¯RχjL)
]
γµχjR +
1
4
ǫL(χ¯iRγµχiR) +
1
27
γµσiλR(ǫ¯RσiλL)
− 1
54
(11gµν − γµν)σiλL(ǫ¯RσiγνλR) + 1
54
[
5(λ¯RγµσiλR)− γµν(λ¯RγνσiλR)
]
σiǫL
− 1
12
[
(λ¯RγµλR)− 1
12
γνρ(λ¯RγµνρλR)
]
ǫL +
1
12
[
gµν(ǫ¯RλL)− 1
3
(ǫ¯RγµνλL)
]
γνλR
−1
6
γνσi
[
ψµR(ǫ¯Lγ¯
νσiλL)− ǫR(ψ¯µLγ¯νσiλL)
]
− 1
3
σiλL(ǫ¯LσiψµR)
δ(0)ψµR = DµǫR + i
24
√
2
Fˆ ∗iνλ2 σ
i(γ¯µνλ − 10gµν γ¯λ)ǫL − 1
72
Fˆ νλρi3 σ
i(γ¯µνλρ − 6gµν γ¯λρ)ǫR
+
i
192
√
2
Tˆ+νλρσ γ¯
νλρσγ¯µǫL +
1
18
(8gµν − γ¯µν)
[
σiλR(ǫ¯Rγ
νχiR) + χiR(ǫ¯Rγ
νσiλR)
]
− 1
72
[
γ¯ν(χ¯iLγ¯µνλR) +
1
2
γ¯µνρ(χ¯iLγ¯
νρλR)
]
σiǫL
−1
4
σi
[
ǫR(ψ¯µLχiR − ψ¯µRχiL)− ψµR(ǫ¯LχiR − ǫ¯RχiL)
]
+ χiR(ǫ¯LσiψµR)
+
1
2
σiγ¯
ν
[
ǫL(ψ¯µLγ¯νχiL)− ψµL(ǫ¯Lγ¯νχiL)
]
+
1
6
[
(ǫ¯RσiχjL)σi + (ǫ¯RχjL)
]
γ¯µχjL
+
1
48
[
− 5γ¯ν(χ¯jRσiγµνχjL) + 1
2
γ¯µνρ(χ¯jRγ
νρσiχjL)
]
σiǫL − 1
48
γ¯µǫL(χ¯iRχiL)
+
1
6
(5gµν − γ¯µν)χiR(ǫ¯Lγ¯νχiL) + 1
6
[
(χ¯jLγ¯µσiχjL)− 1
2
γ¯µν(χ¯jLγ¯
νσiχjL)
]
σiǫR
−1
6
[
σi(ǫ¯LσiχjR) + (ǫ¯LχjR)
]
γ¯µχjL +
1
4
ǫR(χ¯iLγ¯µχiL) +
1
27
γ¯µσiλL(ǫ¯LσiλR)
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− 1
54
(11gµν − γ¯µν)σiλR(ǫ¯Lσiγ¯νλL) + 1
54
[
5(λ¯Lγ¯µσiλL)− γ¯µν(λ¯Lγ¯νσiλL)
]
σiǫR
− 1
12
[
(λ¯Lγ¯µλL)− 1
12
γ¯νρ(λ¯Lγ¯µνρλL)
]
ǫR +
1
12
[
gµν(ǫ¯LλR)− 1
3
(ǫ¯Lγ¯µνλR)
]
γ¯νλL
−1
6
γ¯νσi
[
ψµL(ǫ¯Rγ
νσiλR)− ǫL(ψ¯µRγνσiλR)
]
− 1
3
σiλR(ǫ¯RσiψµL), (C.1)
where
∆ij = δij − 1
3
σiσj , (C.2)
and the various supercovariant expressions are defined below. We also have that
DµǫL = Dµ(ωˆ)ǫL − i
2
QµǫL − i
2
Aiµσ
iǫL,
DµǫR = Dµ(ωˆ)ǫR + i
2
QµǫR − i
2
Aiµσ
iǫR, (C.3)
where
Dµ(ωˆ)ǫ =
(
∂µ +
1
4
ωˆ abµ Γab
)
ǫ. (C.4)
In (C.4), ωˆ abµ is the d = 8 supercovariant spin connection given by
ωˆabµ = ω
ab
µ −
(
ψ¯µRγ
[aψ
b]
R + ψ¯µLγ¯
[aψ
b]
L + ψ¯
[a
Rγµψ
b]
R
)
. (C.5)
Note that in (C.1), the spacetime structure of the Tˆ± terms in the supervariation of the
gravitini matches that in [24] on using the relation
Γµνλρσ = ΓνλρσΓµ + gµνΓλρσ − gµλΓνρσ + gµρΓνλσ − gµσΓνλρ. (C.6)
At various places, we have used the identities
ψ¯RχL = χ¯RψL, ψ¯LχR = χ¯LψR,
ψ¯RγµχR = −χ¯Lγ¯µψL,
χ¯RσiψL = −ψ¯RσiχL, χ¯LσiψR = −ψ¯LσiχR,
ψ¯Lγ¯µσiχL = χ¯RγµσiψR,
ψ¯RγµνχL = −χ¯RγµνψL, ψ¯Lγ¯µνχR = −χ¯Lγ¯µνψR,
ψ¯Lγ¯µνρχL = χ¯RγµνρψR,
ψ¯Rσ
iγµνχL = χ¯Rσ
iγµνψL, ψ¯Lσ
iγ¯µνχR = χ¯Lσ
iγ¯µνψR,
ψ¯Lγ¯µνρσ
iχL = −χ¯RγµνρσiψR,
ψ¯RγµνλρχL = χ¯RγµνλρψL, ψ¯Lγ¯µνλρχR = χ¯Lγ¯µνλρψR,
ψ¯Lγ¯λγ¯µνρσχL = −χ¯RγµνρσγλψR,
ψ¯RσiγµνρσχL = −χ¯RγµνρσσiψL, ψ¯Lσiγ¯µνρσχR = −χ¯Lγ¯µνρσσiψR, (C.7)
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where ψ and χ are arbitrary SU(2) pseudo–Majorana fermions in a chiral basis. We also
make use of the relations
(ψ¯LχR)
† = ψ¯RχL, (ψ¯Lγ¯µχL)
† = ψ¯RγµχR, (ψ¯LσiχR)
† = −ψ¯RσiχL,
(ψ¯Lγ¯µνχR)
† = ψ¯RγµνχL, (ψ¯Lσiγ¯µχL)
† = −ψ¯RγµσiχR,
(ψ¯Lγ¯µνρχL)
† = ψ¯RγµνρχR, (ψ¯Lγ¯µνσiχR)
† = −ψ¯RγµνσiχL. (C.8)
In obtaining the supersymmetry transformations, it is useful to note that the kinetic
term for FmU2µν can be also written as
F i2µνF
∗iµν
2 =
1
2
MmnMUV F
mU
2µν F
nV µν
2 , (C.9)
on using
MUP =
1
2
(ǫUV ǫPQ + ǫUQǫPV )(L
V
+L
Q
− + L
Q
+L
V
−). (C.10)
Let us outline in brief how to fix the coefficients of the various terms involving the
supercovariant expressions in the supersymmetry transformations of λL in (C.1). The same
method works for the other fermions as well. We use the relations
γ¯µνρ∂µF
mU
2νρ = 0,
γ¯µνλρ∂µF3νλρm =
3
4
ǫmnpǫUV γ¯
µνλρF nU2µνF
pV
2λρ,
γ¯µνλρσ∂µF4νλρσ = 2γ¯
µνλρσFm12µνF3λρσm, (C.11)
resulting from the Bianchi identities. They lead to the relations
γ¯µγλρ∂µF
i
2λρ = 2γ¯
ν∂µF i2µν + . . . ,
γ¯µγνλρ∂µF3νλρi = 3γ¯
νλ∂µF3µνλi + . . . ,
γ¯µγνλρσ∂µF4νλρσ = 4γ¯
νλρ∂µF4µνλρ + . . . , (C.12)
which are needed in cancelling the supervariation of the fermion kinetic terms against the
supervariation of the kinetic terms of the various gauge potentials, on using (C.7). Of
course, all these terms directly follow from [24], and the above statements provide a cross
check of the calculations directly in d = 8.
In order to derive the form of the various supercovariant expressions in (C.1), such that
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all the ∂µǫ terms vanish in the supervariation, we note that
δ(0)Pµ = i(∂µǫ¯R)λL + . . . ,
δ(0)Pµij = −1
2
(
(∂µǫ¯L)(σiχjR + σjχiR)− (∂µǫ¯R)(σiχjL + σjχiL)
)
+ . . . ,
δ(0)F i2µν = 2
√
2i
(
(∂[µǫ¯R)σ
iψν]L +
1
2
(∂[µǫ¯L)γ¯ν]σ
iλL − (∂[µǫ¯R)γν]χiR
)
+ . . . ,
δ(0)F3µνρi = −6
[
(∂[µǫ¯L)σiγ¯νψρ]L − (∂[µǫ¯R)σiγνψρ]R
+
1
2
(
(∂[µǫ¯L)γ¯νρ]χiR + (∂[µǫ¯R)γνρ]χiL
)]
+ . . . ,
δ(0)F4µνλρ = −12
√
2L 1−
(
(∂[µǫ¯R)γνλψρ]L − 1
6
(∂[µǫ¯L)γ¯νλρ]λL
)
−12
√
2L 1+
(
(∂[µǫ¯L)γ¯νλψρ]R − 1
6
(∂[µǫ¯R)γνλρ]λR
)
+ . . . . (C.13)
Thus, given the gravitino supervariation in (C.1), this leads to the supercovariant expres-
sions given by
Pˆµ = Pµ − iψ¯µRλL,
Pˆ ∗µ = P
∗
µ + iψ¯µLλR,
Pˆµij = Pµij +
(
ψ¯µLσ(iχj)R − ψ¯µRσ(iχj)L
)
,
Fˆ i2µν = F
i
2µν −
√
2i
[
ψ¯R[µσ
iψν]L + ψ¯L[µγ¯ν]σ
iλL − 2ψ¯R[µγν]χiR
]
,
Fˆ i∗2µν = F
i∗
2µν −
√
2i
[
ψ¯L[µσ
iψν]R + ψ¯R[µγν]σ
iλR + 2ψ¯L[µγ¯ν]χ
i
L
]
,
Fˆ3µνρi = F3µνρi + 3
(
2ψ¯L[µσiγ¯νψρ]L + ψ¯L[µγ¯νρ]χiR + ψ¯R[µγνρ]χiL
)
+
1
6
λ¯RγµνρσiλR,
Fˆ4µνλρ = F4µνλρ + 6
√
2
[
L 1−
(
ψ¯R[µγνλψρ]L − 1
3
ψ¯L[µγ¯νλρ]λL
)
+L 1+
(
ψ¯L[µγ¯νλψρ]R − 1
3
ψ¯R[µγνλρ]λR
)]
= Fˆ+4µνλρ + Fˆ
−
4µνλρ, (C.14)
where
Fˆ+4µνλρ = F
+
µνλρ +
1
2
√
2
[
L 1−
(
ψ¯σRγ
[σγ¯µνλργ¯
τ ]ψτL + ψ¯σLγ¯µνλργ¯
σλL
)
−L 1+
(
ψ¯σLγ¯µνλργ¯
[σγτ ]ψτR + ψ¯σRγ
σγ¯µνλρλR
)]
,
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Fˆ−4µνλρ = F
−
µνλρ +
1
2
√
2
[
L 1+
(
ψ¯σLγ¯
[σγµνλργ
τ ]ψτR + ψ¯σRγµνλργ
σλR
)
−L 1−
(
ψ¯σRγµνλργ
[σγ¯τ ]ψτL + ψ¯σLγ¯
σγµνλρλL
)]
. (C.15)
In obtaining (C.15) from (C.14), we have used the identities
ψ¯R[µγνρσ]λR =
1
8
(
ψ¯λRγλγ¯µνρσλR − ψ¯λRγµνρσγλλR
)
,
ψ¯L[µγ¯νρσ]λL =
1
8
(
ψ¯λLγ¯λγµνρσλL − ψ¯λLγ¯µνρσγ¯λλL
)
,
ψ¯R[µγνρψσ]L =
1
24
(
ψ¯Rλγ
[λγ¯µνρσγ¯
τ ]ψτL − ψ¯Rλγµνρσγ[λγ¯τ ]ψτL
)
,
ψ¯L[µγ¯νρψσ]R =
1
24
(
ψ¯Lλγ¯
[λγµνρσγ
τ ]ψτR − ψ¯Lλγ¯µνρσγ¯[λγτ ]ψτR
)
(C.16)
to decompose Fˆ4 into Fˆ
±
4 .
Thus, we have that
Fˆ+µνρσ = −iL 1+ Tˆ+µνρσ +
L 1−
2
√
2
χ¯iLγ¯µνρσχ
i
R,
Fˆ−µνρσ = iL
1
− Tˆ
−
µνρσ +
L 1+
2
√
2
χ¯iRγµνρσχ
i
L, (C.17)
where
Tˆ+µνρσ = T
+
µνρσ −
i
2
√
2
(
ψ¯λLγ¯µνρσγ¯
[λγτ ]ψτR + ψ¯λRγ
λγ¯µνρσλR
)
,
Tˆ−µνρσ = T
−
µνρσ +
i
2
√
2
(
ψ¯λRγµνρσγ
[λγ¯τ ]ψτL + ψ¯λLγ¯
λγµνρσλL
)
(C.18)
are supercovariant field strengths.
Of course, the term not involving the gravitino in (C.14) is not fixed by this argument
and one need not include it in the definition. We have, however, included it because the
supersymmetry transformations look simpler29. The structure of these terms, in particu-
lar, the extra term that does not involve the gravitino in (C.14), follows naturally from
dimensionally reducing the supercovariant 4 form field strength, and the supercovariant
spin connection in d = 11 using (3.7) and (3.6), and inserting them in the supersymmetry
transformation (3.9) for the d = 11 gravitino. The relevant expressions obtained from (3.7)
29A previous example of such a definition involves the definition of Fˆ5 in type IIB supergravity in
d = 10 [34], where there is an extra term that does not involve the gravitino.
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are given by
GˆSSµνλρ = G
SS
µνλρ + 3e
−φSS
[(
ψ¯R[µγνλψρ]L − 1
3
ψ¯L[µγ¯νλρ]λL
)
+
(
ψ¯L[µγ¯νλψρ]R − 1
3
ψ¯R[µγνλρ]λR
)
− 1
36
(
λ¯RγµνλρλL + λ¯Lγ¯µνλρλR
)]
,
GˆSSµνρi = Gµνρi +
3
2
(
2ψ¯L[µσ
iγ¯νψρ]L + ψ¯L[µγ¯νρ]χ
i
R + ψ¯R[µγνρ]χ
i
L
)
+
1
4
(
χ¯iLγ¯µνρλL + χ¯
i
RγµνρλR
)
+
1
12
λ¯Rγµνρσ
iλR,
GˆiSSµν = G
iSS
µν + ie
φSS
[1
2
(
ψ¯R[µσ
iψν]L + ψ¯L[µσ
iψν]R
)
−
(
ψ¯R[µγν]χ
i
R − ψ¯L[µγ¯ν]χiL
)
+
1
2
(
ψ¯L[µγ¯ν]σ
iλL + ψ¯R[µγν]σ
iλR
)
+
1
4
(
χ¯jLγ¯µνσ
iχjR + χ¯jRγµνσ
iχjL
)
+
1
24
(
λ¯Lσ
iγ¯µνλR + λ¯Rσ
iγµνλL
)]
,
∂̂µBSS = ∂µBSS +
i
2
e2φSS
[(
ψ¯µLλR − ψ¯µRλL
)
− 1
3
λ¯RγµλR + χ¯iRγµχiR
]
, (C.19)
while the relevant expressions obtained from (3.6) are given by 30
ωˆabc = e
φSS/3
(
ωabc +
1
3
ηac∂bφSS − 1
3
ηab∂cφSS
)
+
eφSS/3
2
[
− 2
(
ψ¯aRγ[bψc]R + ψ¯aLγ¯[bψc]L + ψ¯R[bγ|a|ψc]R
)
+
1
3
(
ψ¯aRγbcλL + ψ¯aLγ¯bcλR − 2ηa[bψ¯c]RλL − 2ηa[bψ¯c]LλR
)
+
1
18
λ¯RγabcλR
]
,
ωˆabi = e
4φSS/3F iSSab −
eφSS/3
2
[
2
(
ψ¯R(aγb)χiR + ψ¯L(aγ¯b)χiL
)
+
(
ψ¯R[aσ
iψb]L − ψ¯L[aσiψb]R
)
+
1
3
ηab
(
χ¯iRλL + χ¯iLλR
)
+
1
6
(
ψ¯aRγbσ
iλR − ψ¯aLγ¯bσiλL
)
+
1
2
(
ψ¯bRγaσ
iλR − ψ¯bLγ¯aσiλL
)
− 1
36
(
λ¯Lσ
iγ¯abλR − λ¯RσiγabλL
)]
,
ωˆaij = e
φSS/3QSSaij +
eφSS/3
2
[
− 2i
3
ǫijk
(
ψ¯aRσ
kλL + ψ¯aLσ
kλR
)
+2
(
ψ¯aRσ[iχj]L − ψ¯aLσ[iχj]R
)
− 2χ¯R[iγ|a|χj]R +
(
λ¯Lγ¯aσ[iχj]L − λ¯Rγaσ[iχj]R
)
−4i
9
ǫijkλ¯Rγaσ
kλR
]
,
30Note that
F iSSab = e
µ
a e
ν
b F
iSS
µν = e
µ
a e
ν
b L
i
mF
mSS
µν . (C.20)
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ωˆiab = −e4φSS/3F iSSab +
eφSS/3
2
[
− 2
(
ψ¯R[aγb]χiR + ψ¯L[aγ¯b]χiL
)
+
(
ψ¯R[aσ
iψb]L − ψ¯L[aσiψb]R
)
+
1
3
(
χ¯iRγabλL + χ¯iLγ¯abλR
)
+
(
ψ¯L[aγ¯b]σ
iλL − ψ¯R[aγb]σiλR
)
− 5
36
(
λ¯Lσ
iγ¯abλR − λ¯RσiγabλL
)]
,
ωˆija = e
φSS/3
(
P SSaij +
2
3
δij∂aφSS
)
+
eφSS/3
2
[
2χ¯R[iγ|a|χj]R +
2i
9
ǫijkλ¯Rγaσ
kλR
+
2
3
δij(λ¯RψaL + λ¯LψaR) + 2
(
ψ¯aLσ(iχj)R − ψ¯aRσ(iχj)L
)
+
1
3
(
χ¯L(iγ¯|a|σj)λL − χ¯R(iγ|a|σj)λR
)
+
2
3
(
χ¯R[iγ|a|σj]λR − χ¯L[iγ¯|a|σj]λL
)]
,
ωˆijk =
eφSS/3
2
[ i
9
ǫijk
(
λ¯LλR − λ¯RλL
)
+ 2
(
χ¯iRσ[jχk]L − χ¯iLσ[jχk]R
)
+
(
χ¯kLσiχjR − χ¯kRσiχjL
)
+
2
3
(
δij(λ¯LχkR + λ¯RχkL)− δik(λ¯LχjR + λ¯RχjL)
−iǫjkl(χ¯iLσlλR + χ¯iRσlλL)
)]
, (C.21)
where ω abµ is the d = 8 spin connection constructed out of the vielbein e
a
µ .
D Various fermionic relations
The supersymmetry transformations given in (C.1) for the fields charged under U(1) are
different from the ones given in [24]. The extra non gauge–invariant contributions add to
give very simple contributions, as we briefly explain. First consider the supervariation of
λL. We have that
δSSλL = δ
(0)λL + δ
NGλL, (D.1)
where δNGλL is the non gauge invariant contribution, and δ
(0)λL is given in (C.1).
D.1 Calculating δNGλL
Now, δNGλL is the sum of the following 7 contributions, which we also evaluate:
(i) O(λLλlǫL):
1
576
γµνλρǫL(λ¯RγµνλρλL)− 1
12
ǫL(λ¯RλL) +
5
12
λL(ǫ¯RλL)
− 1
36
γµνσiǫL(λ¯Rγµνσ
iλL)− 1
24
γµνλL(ǫ¯RγµνλL) +
1
18
σiλL(ǫ¯Rσ
iλL)
= −3
4
λL(ǫ¯RλL). (D.2)
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(ii) O(λLλRǫR):
1
6
γµǫR(λ¯RγµλR)− 1
9
σiγµǫR(λ¯Lγµσ
iλR) +
5
12
λL(ǫ¯LλR)
− 1
24
γµνλL(ǫ¯Lγ¯µνλR)− 1
18
γµσiλR(ǫ¯Lγ¯µσ
iλL) +
1
18
σiλL(ǫ¯Lσ
iλR)
=
3
4
λL(ǫ¯LλR). (D.3)
(iii)O(χLχLǫL):
− 1
384
γµνλρǫL(χ¯iRγµνλρχiL)− 1
8
ǫL(χ¯iRχiL) +
1
2
χiL(ǫ¯RχiL)
+
1
2
σiχjLǫ¯R(σiχjL + σjχiL)− 1
16
γµνσiǫL(χ¯jRγµνσiχjL)
= 0. (D.4)
(iv) O(λRχLǫR):
−1
6
σiγµǫR(λ¯γ¯µχiL) +
1
3
χiL(ǫ¯LσiλR) +
1
6
γµσiλR(ǫ¯Lγ¯µχiL)
= 0. (D.5)
(v) O(λRλRǫL):
1
12
ǫL(λ¯LλR) +
1
144
γµνσiǫL(λ¯Lσiγ¯µνλR) +
1
18
γµσiλR(ǫ¯RσiγµλR)
= 0. (D.6)
(vi) O(λRχRǫL):
−1
2
σiǫL(λ¯LχiR)− 1
24
γµνσiǫL(χ¯iLγ¯µνλR)
+
1
6
γµσiλR(ǫ¯RγµχiR)− 1
3
γµχiR(ǫ¯RσiγµλR)
= 0. (D.7)
(vii) O(χLχRǫR):
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−1
2
γµǫR(χ¯iRγµχiR) +
i
2
ǫijkσkγ
µǫR(χ¯iRγµχjR)− γµχiR(ǫ¯Lγ¯µχiL)
−1
2
χiL(ǫ¯LχiR)− 1
2
σiχjLǫ¯L(σiχjR + σjχiR)
= 0. (D.8)
In obtaining these results and the ones that follow, we make heavy use of (A.1), (A.2)
and the Schouten identity
θAǫBC + θCǫAB + θBǫCA = 0, (D.9)
where θA is a fermion, (σi)
D
A or (σiσj)
D
A . We also use the relation
(σi)
B
A (σi)
D
C = 2
(
δ DA δ
B
C −
1
2
δBAδ
D
C
)
, (D.10)
and other relations like
λ¯RAψ
B
L = −ψ¯BRλLA, λ¯LAγ¯µψBL = ψ¯BRγµλRA,
λ¯RAγ
µνψBL = ψ¯
B
Rγ
µνλLA, λ¯LAγ¯
µνρψBL = −ψ¯BRγµνρλRA. (D.11)
Thus
δNGλL = −3
4
λL(ǫ¯RλL − ǫ¯LλR). (D.12)
Since the algebraic details are quite involved and the technique is the same for every
term, we simply outline the steps needed to deduce (D.2). Using the relations
γµνλρǫL(λ¯RγµνλρλL) = −420λL(ǫ¯RλL) + 30γµνλL(ǫ¯RγµνλL)− 3
2
γµνλρλL(ǫ¯RγµνλρλL),
ǫL(λ¯RλL) = −1
4
λL(ǫ¯RλL)− 1
8
γµνλL(ǫ¯RγµνλL)− 1
96
γµνλρλL(ǫ¯RγµνλρλL),
γµνσiǫL(λ¯Rγµνσ
iλL) = 14λL(ǫ¯RλL) + γ
µνλL(ǫ¯RγµνλL)− 1
12
γµνλρλL(ǫ¯RγµνλρλL),
σiλL(ǫ¯Rσ
iλL) = −5
4
λL(ǫ¯RλL) +
1
8
γµνλL(ǫ¯RγµνλL)− 1
96
γµνλρλL(ǫ¯RγµνλρλL),
(D.13)
and adding the various contributions, we get (D.2). Similar is the analysis for δNGλR.
D.2 Calculating δNGχiL
The various non gauge invariant contributions are given by:
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(i) O(χLλLǫL):
1
24
∆ijγ
µνǫL(χ¯jRγµνλL) +
1
6
∆ijσkǫL(χ¯jRσkλL)− 1
6
∆ijǫL(λ¯RχjL) +
5
12
χiL(ǫ¯RλL)
− 1
24
γµνχiL(ǫ¯RγµνλL) +
1
3
σjλL(ǫ¯Rσ(iχj)L)− 1
6
∆ijσkχjL(ǫ¯RσkλL) +
1
6
∆ijλL(ǫ¯RχjL)
=
1
4
χiL(ǫ¯RλL), (D.14)
(ii) O(χLλRǫR):
1
12
γµσjǫR(χ¯R(iσj)γµλR)− 1
48
∆ijγ
µνρǫR(χ¯jRγµνρλR)− 1
6
∆ijσkγµǫR(χ¯R[jγ
µσk]λR)
+
5
12
χiL(ǫ¯LλR)− 1
24
γµνχiL(ǫ¯Lγ¯µνλR) +
1
3
∆ijγ
µλR(ǫ¯Lγ¯µχjL)− 1
6
∆ijσkχjL(ǫ¯LσkλR)
= −1
4
χiL(ǫ¯LλR), (D.15)
(iii) O(λLχRǫR):
− 1
12
γµσjǫR(χ¯L(iσj)γ¯µλL)− 1
48
∆ijγ
µνρǫR(χ¯jLγ¯µνρλL) +
1
6
∆ijσkγµǫR(χ¯L[jγ¯
µσk]λL)
−1
3
σjλL(ǫ¯Lσ(iχj)R)− 1
6
∆ijγ
µσkχjR(ǫ¯Lγ¯µσkλL)− 1
6
∆ijλL(ǫ¯LχjR)
= 0, (D.16)
(iv) O(χRχRǫL):
− 1
16
∆ijγ
µνǫL(χ¯kLγ¯µνσjχkR) +
i
8
∆ijσkǫLǫ
ki′j′(χ¯Lj′σjχRi′)
+
1
2
∆ijγ
µσkχjR(ǫ¯RγµχkR)− 1
4
∆ijσkǫL(χ¯jLχkR)
= 0, (D.17)
(v) O(λRλRǫL):
− 1
36
∆ijγ
µνǫL(λ¯Lσj γ¯µνλR) +
1
9
∆ijγ
µλR(ǫ¯RσjγµλR) = 0, (D.18)
(vi) O(λLλLǫL):
1
144
∆ijγ
µνǫL(λ¯RγµνσjλL) +
1
9
∆ijλL(ǫ¯RσjλL) = 0. (D.19)
Thus
δNGχiL =
1
4
χiL(ǫ¯RλL − ǫ¯LλR). (D.20)
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To prove (D.14) for example, we use the relations
∆ijǫL(λ¯RχjL) = − 1
24
[
χjL(λ¯RσjσiǫL)− 1
2
γµνχjL(λ¯RγµνσjσiǫL)
+
1
24
γµνλρχjL(λ¯RγµνλρσjσiǫL)
]
+
1
3
ǫL(λ¯RχiL),
γµν∆ijǫL(χ¯jRγµνλL) = −1
3
[
7χjL(λ¯RσjσiǫL)− 1
2
γµνχjL(λ¯RσjσiγµνǫL)
− 1
24
γµνλρχjL(λ¯RσjσiγµνλρǫL)
]
− 1
3
γµνǫL(λ¯RγµνχiL),
1
6
∆ijλL(ǫ¯RχjL) +
1
3
σjλL(ǫ¯Rσ(iχj)L) =
1
72
[
ǫL(χ¯iRλL)− 1
2
γµνǫL(χ¯iRγµνλL)
+
1
24
γµνλρǫL(χ¯iRγµνλρλL)
]
+
1
24
[
− χjL(ǫ¯R∆ˆijλL) + 1
2
γµνχjL(ǫ¯Rγµν∆ˆijλL)
− 1
24
γµνλρχjL(ǫ¯Rγµνλρ∆ˆijλL)
]
,
∆ijσkǫL(χ¯jRσkλL)−∆ijσkχjL(ǫ¯RσkλL) = −∆ijǫL(λ¯RχjL) + χiL(ǫ¯RλL)
−1
4
[
7χjL(ǫ¯R∆ijλL)− 1
2
γµνχjL(ǫ¯Rγµν∆ijλL)− 1
24
γµνλρχjL(ǫ¯Rγµνλρ∆ijλL)
]
+
1
12
[
7ǫL(χ¯iRλL)− 1
2
γµνǫL(χ¯iRγµνλL)− 1
24
γµνλρǫL(χ¯iRγµνλρλL)
]
, (D.21)
where
∆ˆij = δij +
1
3
σiσj . (D.22)
Adding the various contributions, we get (D.14).
D.3 Calculating δNGψµL
The various non gauge invariant contributions are given by:
(i) O(ψLλLǫL):
− 1
12
ψµL(ǫ¯RλL) +
1
24
γνρǫL(ψ¯µRγνρλL)− 1
6
ǫL(ψ¯µRλL) +
1
6
σiǫL(ψ¯µRσiλL)
− 1
24
γνρψµL(ǫ¯RγνρλL) +
1
3
σiλL(ǫ¯RσiψµL)− 1
6
σiψµL(ǫ¯RσiλL)
= −1
4
ψµL(ǫ¯RλL), (D.23)
(ii) O(ψLλRǫR):
− 1
12
ψµL(ǫ¯LλR)− 1
6
σiγ
νǫR(ψ¯µRγνσiλR)− 1
24
γνρψµL(ǫ¯Lγ¯νρλR)
−1
6
γνλR(ǫ¯Lγ¯νψµL)− 1
6
σiψµL(ǫ¯LσiλR)
=
1
4
ψµL(ǫ¯LλR), (D.24)
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(iii) O(λLχRǫL):
1
144
σi(γµνλρ − 6gµνγλρ)ǫL(χ¯iLγ¯νλρλL)− 7
72
σiǫL(λ¯Rγ
µχiR) +
1
36
σiγµνǫL(λ¯Rγ
νχiR)
− 1
18
(8gµν − γµν)σiλL(ǫ¯RγνχiR)− 1
18
γµχiR(ǫ¯RσiλL)
= 0, (D.25)
(iv) O(λRχLǫL):
1
144
σi(γµνλρ − 6gµνγλρ)ǫL(χ¯iRγνλρλR) + 7
72
σiǫL(λ¯Lγ¯µχiL)
− 1
36
σiγµνǫL(λ¯Lγ¯
νχiL) +
4
9
(gµν − 1
8
γµν)χiL(ǫ¯Rσiγ
νλR) +
1
18
σiγµλR(ǫ¯R)χiL
= 0, (D.26)
(v) O(λLλLǫR):
1
1152
γνλρσγµǫR(λ¯RγνλρσλL) +
1
72
γµǫR(λ¯RλL)− 1
54
σiγ
νǫR(λ¯RσiγµνλL)
+
1
216
σiγµνρǫR(λ¯Rγ
νρσiλL) +
1
54
(11gµν − γµν)σiλL(ǫ¯Lγ¯νσiλL)
= 0, (D.27)
(vi) O(χLχLǫR):
− 1
768
γνλρσγµǫR(χ¯iRγνλρσχiL) +
1
48
γµǫR(χ¯iRχiL)− 5
48
σiγ
νǫR(χ¯jRγµνσiχjL)
+
1
96
σiγ
µνρǫR(χ¯jRγνρσiχjL) +
1
6
(5gµν − γµν)χiL(ǫ¯Lγ¯νχiL)
= 0, (D.28)
(vii) O(λRλRǫR):
1
12
γµǫR(ǫ¯LλR)− 1
72
γµǫR(λ¯LλR)− 7
432
σiγ
νǫR(λ¯Lσiγ¯µνλR)
− 1
864
σiγµνρǫR(λ¯Lσiγ¯
νρλR)− 1
36
γνλR(ǫ¯Lγ¯µνλR) +
1
27
σiγµλR(ǫ¯LσiλR)
= 0, (D.29)
(viii) O(ψRλRǫL):
1
24
γνρǫL(ψ¯µLγ¯νρλR) +
1
3
ǫL(ψ¯µLλR) +
1
6
σiǫL(ψ¯µLσiλR)
−1
6
γνλR(ǫ¯RγνψµR) +
1
6
γνσiψµR(ǫ¯RγνσiλR)
= 0, (D.30)
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(ix) O(λRχRǫR):
1
72
σiγ
νǫR(χ¯iLγ¯µνλR) +
1
144
σiγµνρǫR(χ¯iLγ¯
νρλR)
− 1
18
σiγµλR(ǫ¯LχiR)− 1
18
γµχiR(ǫ¯LσiλR)
= 0, (D.31)
(x) O(ψRχLǫR):
−1
2
σiγνǫR(ψ¯µLγ¯
νχiL) + χiL(ǫ¯LσiψµR) +
1
2
σiγνψµR(ǫ¯Lγ¯
νχiL)
= 0. (D.32)
Thus
δNGψµL = −1
4
ψµL(ǫ¯RλL − ǫ¯LλR). (D.33)
In proving (D.23) for example, we have used the relations
λL(ǫ¯RψµL) =
[
− 1
8
ǫL(ψ¯µRλL) +
1
16
γνρǫL(ψ¯µRγνρλL)− 1
192
γνρστ ǫL(ψ¯µRγνρστλL)
]
+
[
− 1
8
ψµL(ǫ¯RλL) +
1
16
γνρψµL(ǫ¯RγνρλL)− 1
192
γνρστψµL(ǫ¯RγνρστλL)
]
,
γνρλL(ǫ¯RγνρψµL) = −
[
7ǫL(ψ¯µRλL)− 1
2
γνρǫL(ψ¯µRγνρλL)− 1
24
γνρστ ǫL(ψ¯µRγνρστλL)
]
+
[
7ψµL(ǫ¯RλL)− 1
2
γνρψµL(ǫ¯RγνρλL)− 1
24
γνρστψµL(ǫ¯RγνρστλL)
]
. (D.34)
Adding the various contributions, we get (D.23).
D.4 The expressions for the gauge invariant contributions
The various gauge invariant contributions can be rewritten in several different ways. For
example, the ones in δ(0)λL can also be written as
1
6
σiγµǫR(λ¯Rγ
µχiR) +
1
3
γµχiR(ǫ¯Lγ¯µσiλL)− 1
12
σiλL(ǫ¯LχiR)
=
1
32
[
15γµχiR(ǫ¯Lγ¯
µσiλL) +
1
6
γµνλχiR(ǫ¯Lγ¯
µνλσiλL)
]
,
−1
2
σiǫL(λ¯RχiL)− 1
24
γµνσiǫL(χ¯iRγµνλL) +
1
3
χiL(ǫ¯RσiλL) +
1
12
σiλL(ǫ¯RχiL)
= − 1
32
[
χiL(ǫ¯RσiλL) +
3
2
γµνχiL(ǫ¯Rγ
µνσiλL) +
1
24
γµνλρχiL(ǫ¯Rγ
µνλρσiλL)
]
,
1
8
ǫL(χ¯iLχiR)− 1
16
γµνσiǫL(χ¯jLγ¯µνσiχjR)− γµχiR(ǫ¯RγµχiR)
= − 1
32
[
17γµχiR(ǫ¯RγµχiR) +
1
6
γµνλχiR(ǫ¯Rγ
µνλχiR)
]
. (D.35)
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Similarly the ones in δ(0)χiL, can be rewritten as
1
24
∆ijγ
µνǫL(χ¯jLγ¯µνλR) +
1
6
∆ijσkǫL(χ¯jLσkλR)− 1
6
∆ijǫL(λ¯LχjR)
+
1
6
∆ijγµσkχjR(ǫ¯RσkγµλR) +
1
3
∆ijγ
µλR(ǫ¯RγµχjR)
= −1
2
∆ijǫL(λ¯LχjR) +
1
2
∆ijγ
µλR(ǫ¯RγµχjR),
− 1
16
∆ijγ
µνǫL(χ¯kRγµνσjχkL)− i
8
ǫki
′j′∆ijσkǫL(χ¯Rj′σjχLi′)
+
1
4
∆ijσkǫL(χ¯jRχkL)−∆ijχkL(ǫ¯Rσ(jχk)L)− 1
4
∆ijσkχjL(ǫ¯RχkL)
=
∆ij
128
[
39χkL(ǫ¯RσkχjL) +
17
2
γµνχkL(ǫ¯RγµνσkχjL) +
7
24
γµνλρχkL(ǫ¯RγµνλρσkχjL)
]
,
− i
18
ǫjkl∆ijσkγµǫR(λ¯Rγ
µσlλR) +
1
9
∆ijλL(ǫ¯LσjλR)− 1
9
∆ijγ
µλR(ǫ¯Lσj γ¯µλL)
=
1
6
∆ijλL(ǫ¯LσjλR)− 1
24
∆ijγ
µνλL(ǫ¯Lγ¯µνσjλR),
−1
2
∆ijγµσkǫR(χ¯R[jγ
µχk]R) + ∆ijχkL(ǫ¯Lσ(jχk)R) +
1
2
∆ijγ
µσkχjR(ǫ¯Lγ¯µχkL)
+
1
4
∆ijσkχjL(ǫ¯LχkR) =
∆ij
32
[
8χkL(ǫ¯LσkχjR)− 9γµχkR(ǫ¯Lσkγ¯µχjL)
+2γµνχkL(ǫ¯Lσkγ¯µνχjR) +
1
6
γµνρχkR(ǫ¯Lσkγ¯µνρχjL)
]
, (D.36)
and the same holds for the various terms in the expression for δ(0)ψµL. Of course, which
way of representing the same expression is best depends on what is being asked for. We use
the above formulae to rewrite the various expressions only when the resulting expressions
are considerably shorter than the previous ones, the rest we leave as they are. Same is
the analysis for the various gauge invariant terms in δ(0)ψµL because there is not much
simplification.
The terms in the expression for δ(0)λR, δ
(0)χiR and δ
(0)ψµR are obtained by conjugation.
E The O(λ2Lλ
2
R) term in the supergravity action
We need the O(λ2Lλ
2
R) term in the d = 8 supergravity action. In order to get it, we write
down the quartic fermion terms in the d = 11 supergravity action. We start from (3.1) and
use the expressions for the fermion bilinears appearing in the definitions of ω, ωˆ and Fˆ in
(3.3), (3.6) and (3.7) respectively. The Fˆ term contributes
V −1L11 = − 1
64
η¯M ΓˆNPηQ
(
η¯RΓˆ
RSMNPQηS + 12η¯
[M ΓˆNPηQ]
)
, (E.1)
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while the R and η¯ /Dη terms together contribute
V −1L11 = 1
8
K˜MAˆBˆ(η¯
AˆΓˆMηBˆ) +
1
4
(
ωˆf
MAˆBˆ
η¯AˆΓˆMηBˆ + ωˆf
BˆAˆCˆ
ωˆfAˆBˆCˆ + ωˆf Aˆ
Aˆ Eˆ
ωˆ BˆEˆ
Bˆ
)
(E.2)
to the action (3.1). In (E.2), K˜MAˆBˆ is the part of the contorsion (3.5) which does not
involve the fermionic part of ωˆ. Thus
K˜MAˆBˆ = −
1
4
η¯CˆΓˆMAˆBˆCˆDˆη
Dˆ, (E.3)
while ωˆf is the fermionic part of ωˆ. Thus
ωˆf AˆBˆM =
1
2
(
η¯M Γˆ
BˆηAˆ − η¯M ΓˆAˆηBˆ + η¯BˆΓˆMηAˆ
)
. (E.4)
Adding (E.1) and (E.2), the total contribution from all the four fermion terms is given
by
V −1L11 = 1
16
η¯MΓNηP
(
− η¯MΓNηP − 2η¯MΓPηN + 4ηMN η¯QΓQηP + 1
2
η¯QΓ
QRMNPηR
)
− 1
32
η¯MΓPQηN
(
η¯MΓPQηN + 4η¯MΓNPηQ + η¯PΓMNηQ +
1
2
η¯RΓ
RSMNPQηS
)
. (E.5)
We now calculate the O(λ2Lλ
2
R) term that is obtained from the action (3.1). The contri-
bution from (E.1) is given by
− 1
576
(λ¯Rγ
µνρσiλR)(λ¯Rγµνρσ
iλR) +
1
16
(λ¯RγµλR)(λ¯Rγ
µλR). (E.6)
This contribution is gauge invariant.
The contribution from (E.2) is given by31
1
54
(λ¯Rσ
iγµλR)(λ¯Rσ
iγµλR) +
1
576
(λ¯Rγ
µνρλR)(λ¯RγµνρλR)
− 1
864
(λ¯Lσ
iγ¯µνλR − λ¯RσiγµνλL)(λ¯Lσiγ¯µνλR − λ¯RσiγµνλL)
+
1
36
(λ¯LλR − λ¯RλL)(λ¯LλR − λ¯RλL). (E.8)
31We use the relations
2ΓCˆDˆEˆAˆBˆ = 2ΓCˆDˆEˆΓAˆBˆ +
[
− ηAˆEˆ(ΓCˆDˆΓBˆ + ΓCˆDˆBˆ) + ηAˆDˆ(ΓCˆEˆΓBˆ + ΓCˆEˆBˆ)
−ηAˆCˆ(ΓDˆEˆΓBˆ + ΓDˆEˆBˆ)− (A↔ B)
]
,
ΓBˆCˆAˆ = ΓBˆCˆΓAˆ − ηAˆCˆΓBˆ + ηAˆBˆΓCˆ . (E.7)
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Naively, this contribution does not look U(1) gauge invariant, because of the O(λ4R) and
O(λ4L) terms in the last two lines of (E.8).
However, the non gauge invariant terms in (E.8) are given by
1
36
[
(λ¯LλR)
2 − 1
24
(λ¯Lσ
iγ¯µνλR)
2
]
+
1
36
[
(λ¯RλL)
2 − 1
24
(λ¯Rσ
iγµνλL)
2
]
. (E.9)
But (E.9) vanishes using the relations
(λ¯Lσ
iγ¯µνλR)
2 = 14(λ¯LλR)
2 − 1
12
(λ¯Lγ¯µνλρλR)
2,
(λ¯LλR)
2 = − 1
120
(λ¯Lγ¯µνλρλR)
2, (E.10)
and their conjugates, which can be deduced using the Fierz identities (A.1). Thus (E.8) is
gauge invariant as well.
In order to simplify the remaining contributions from (E.6) and (E.8), we use the rela-
tions
(λ¯Lσ
iγ¯µνλR)(λ¯Rσ
iγµνλL) = −7(λ¯RγµλR)2 + 1
6
(λ¯Rγ
µνρλR)
2,
(λ¯Rσ
iγµλR)(λ¯Rσ
iγµλR) =
1
2
(λ¯Rγ
µλR)
2 − 1
12
(λ¯Rγ
µνρλR)
2,
(λ¯Rσ
iγµνρλR)(λ¯Rσ
iγµνρλR) = −21(λ¯RγµλR)2 − 5
2
(λ¯Rγ
µνρλR)
2,
(λ¯LλR)(λ¯RλL) =
1
4
(λ¯Rγ
µλR)
2 +
1
24
(λ¯Rγ
µνρλR)
2. (E.11)
Thus (E.6) and (E.8) add to give
1
384
[
30(λ¯Rγ
µλR)(λ¯RγµλR) + (λ¯Rγ
µνρλR)(λ¯RγµνρλR)
]
, (E.12)
leading to the quartic fermion term
e−1L(0) = 1
96
[
30(λ¯Rγ
µλR)(λ¯RγµλR) + (λ¯Rγ
µνρλR)(λ¯RγµνρλR)
]
(E.13)
in the d = 8 action.
F Constructing the Laplacians on the moduli spaces
We calculate the Laplacians on the moduli spaces SO(2)\SL(2,R) and SO(3)\SL(3,R).
Let the matrix M parametrize the elements of the coset space H\G. Then the metric on
the moduli space H\G is defined by [41, 42]
− 1
2
Tr(dMdM−1) = gABdz
AdzB, (F.1)
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where zA are the coordinates on the moduli space H\G. Then the Laplacian ∆ is given by
∆ =
1√
g
∂A(
√
ggAB∂B). (F.2)
F.1 The Laplacian on SO(2)\SL(2,R)
For SO(2)\SL(2,R), from (4.5) we obtain
M−1 =
1
U2
(
1 U1
U1 |U |2
)
, (F.3)
leading to
− 1
2
Tr(dMdM−1) =
dUdU¯
U22
. (F.4)
Thus, we have that
∆ = 4U22
∂2
∂U∂U¯
. (F.5)
F.2 The Laplacian on SO(3)\SL(3,R)
If we directly use the matrix M in (4.10) to calculate the metric on the SO(3)\SL(3,R)
moduli space using (F.1), the calculation gets very involved. The calculation is considerably
simplified if we express M in terms of L. Thus,
(dL im)(dL
m
i )−Mmn(dL im)(dL in ) = −gABdzAdzB, (F.6)
where we use (4.43),
L mi =

e
φˆ/3/
√
T2 e
φˆ/3T1/
√
T2 e
φˆ/3ξ1/
√
T2
0 eφˆ/3
√
T2 e
φˆ/3ξ2/
√
T2
0 0 e−2φˆ/3

 , (F.7)
and
M−1 =
e2φˆ/3
T2

 1 T1 ξ1T1 |T |2 Re(ξT¯ )
ξ1 Re(ξT¯ ) e
−2φˆT2 + |ξ|2

 . (F.8)
This leads to
− 1
2
Tr(dMdM−1) =
1
3
e4φˆ(de−2φˆ)2 +
|dT |2
T 22
+
e2φˆ
T 32
|T2dξ − ξ2dT |2
=
1
3
(dν
ν
)2
+
|dτ |2
τ 22
+
ν
τ 32
|τ2dB − B2dτ |2. (F.9)
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Thus we have that
∆ = 3e−4φˆ
∂2
∂(e−2φˆ)2
+ 4e−2φˆT2
∂2
∂ξ∂ξ¯
+2
[(
T2
∂
∂T
+ ξ2
∂
∂ξ
+
i
2
)(
T2
∂
∂T¯
+ ξ2
∂
∂ξ¯
)
+
(
T2
∂
∂T¯
+ ξ2
∂
∂ξ¯
− i
2
)(
T2
∂
∂T
+ ξ2
∂
∂ξ
)]
= 3
∂
∂ν
(
ν2
∂
∂ν
)
+ 4ν−1τ2
∂2
∂B∂B¯
+2
[(
τ2
∂
∂τ
+B2
∂
∂B
+
i
2
)(
τ2
∂
∂τ¯
+B2
∂
∂B¯
)
+
(
τ2
∂
∂τ¯
+B2
∂
∂B¯
− i
2
)(
τ2
∂
∂τ
+B2
∂
∂B
)]
. (F.10)
G Automorphic forms of the U–duality groups
G.1 Automorphic forms of SL(2,Z)
We need various details about automorphic forms of SL(2,Z). Under an SL(2,Z) trans-
formation (5.4), an automorphic form Φ(m,n)(U, U¯) of weight (m,n) transforms as
Φ(m,n)(U, U¯)→ Φ′(m,n)(U ′, U¯ ′) = (CU +D)m(CU¯ +D)nΦ(m,n)(U, U¯). (G.1)
The automorphic covariant derivatives of SL(2,Z) are defined by
Dm = i
(
U2
∂
∂U
− im
2
)
, D¯n = −i
(
U2
∂
∂U¯
+
in
2
)
. (G.2)
Their actions on Φ(m,n) are given by
DmΦ
(m,n) → Φ(m+1,n−1), D¯nΦ(m,n) → Φ(m−1,n+1). (G.3)
First let us consider a class of automorphic forms of weight (0, 0). These are given by
the non–holomorphic Eisenstein series of SL(2,Z) of order s, defined by
Es(U, U¯) =
∑
(p,q)6=(0,0)
Us2
|p+ qU |2s
= 2ζ(2s)Us2 + 2
√
πU1−s2
Γ(s− 1/2)
Γ(s)
ζ(2s− 1)
+
2πs
√
U2
Γ(s)
∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣s−1/2Ks−1/2(2π|mn|U2)e2πimnU1 , (G.4)
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which satisfy
4D¯−1D0Es(U, U¯) = 4D−1D¯0Es(U, U¯) = ∆Es(U, U¯) = s(s− 1)Es(U, U¯), (G.5)
where the Laplacian is given by (F.5).
We shall call them
f (0,0)s (U, U¯) ≡ Es(U, U¯). (G.6)
Then we define automorphic forms of weight (m,−m) as
f (m,−m)s (U, U¯) ≡ Dm−1 . . .D1D0f (0,0)s (U, U¯)
=
Γ(s+m)
2mΓ(s)
∑
(p,q)6=(0,0)
(p+ qU¯
p+ qU
)m Us2
|p+ qU |2s , (G.7)
which satisfy
4Dm−1D¯−mf
(m,−m)
s = 4D¯−(m+1)Dmf
(m,−m)
s = (s+m)(s−m− 1)f (m,−m)s . (G.8)
The Eisenstein series defined by (G.4) diverges for s = 1, and it has to be properly regular-
ized. This is done by setting 1 − s = ǫ, and noting that as ǫ → 0, the divergence appears
as a simple pole in Γ(ǫ) on using
Γ(s− 1/2)ζ(2s− 1) = π2s−3/2Γ(1− s)ζ(2− 2s), (G.9)
and
Γ(ǫ) =
1
ǫ
− γ +O(ǫ). (G.10)
We then perform an MS kind of regularization where we remove the 1/ǫ pole as well as
the O(1) terms including the Euler constant, leading to the regularized Eisenstein series
Eˆ1(U, U¯) = −πln
(
U2|η(U)|4
)
. (G.11)
In obtaining (G.11), we have used
K1/2(x) =
√
π
2x
e−x, (G.12)
the definition of the Dedekind eta function
η(U) = eiπU/12
∞∏
k=1
(1− e2πikU), (G.13)
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and
ζ(2) =
π2
6
, ζ(0) = −1
2
. (G.14)
Thus Eˆ1(U, U¯) satisfies
∆Eˆ1(U, U¯) = π. (G.15)
However, the modular forms of non–zero weights for s = 1 which are constructed using
(G.7) do not have to be regularized because D0 removes the divergence of the offending
term. In particular,
f
(1,−1)
1 (U, U¯) = D0E1(U, U¯) = −
π
2
− 2πiU2∂η(U)
∂U
, (G.16)
which satisfies (G.8).
G.2 Automorphic forms of SL(3,Z)
We consider a family of automorphic forms of SL(3,Z) which are invariant under the
SL(3,Z) transformations given by (5.14). They are given by the Eisenstein series of order
s defined by
Es(M) =
′∑
mm
(mmMmnmn)
−s
=
′∑
mm
e−4sφˆ/3
[
e−2φˆ
|m1T +m2|2
T2
+
1
T 22
(
m1ImξT¯ +m2ξ2 +m3T2
)2]−s
=
′∑
mm
ν−s/3
[ 1
τ2
|m1 +m2τ +m3B|2 ++m
2
3
ν
]−s
, (G.17)
where mm are integers, and the sum excludes {m1, m2, m3} = {0, 0, 0}, which satisfies
∆Es(M) =
2s
3
(2s− 3)Es(M), (G.18)
where the Laplacian is given by (F.10).
The Eisenstein series (G.17) can be expanded for weak string coupling as
Es(M) = 2ζ(2s)(e
−2φˆ)2s/3 +
√
πΓ(s− 1/2)
Γ(s)
(e−2φˆ)1/2−s/3Es−1/2(T, T¯ )
+
2πs(e−2φˆ)s/6+1/4
Γ(s)T
1/4−s/2
2
∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣s−1/2Ks−1/2(2π|mn|τ2)e2πimnτ1
+
2πs(e−2φˆ)1/2−s/3
Γ(s)
√
T 2
∑
m6=0,p 6=0,n
∣∣∣n−mτ
p
∣∣∣s−1Ks−1(2π|p(n−mτ)|T2)e2πip(nT1−mξ1).
(G.19)
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In the main text, we consider interactions in the effective action which transform non–
trivially under SU(2), and we denote their couplings as
f(i1ji)...(injn)(T, T¯ , ξ, ξ¯, e
−2φˆ) (G.20)
where every (ij) index is symmetrized and traceless, and is in the spin 2 representation of
SU(2). Furthermore, the coupling is symmetric under the interchange of any pair of (ij)
indices. Thus, the couplings we consider are the coefficient functions of interactions which
are in the spin 2n representation of SU(2).
The various couplings are related to each other by the action of generalized derivatives
defined by
D
(n)
(ij) = −2
[
δ3(iδj)3 − 1
2
(
δ1(iδj)1 + δ2(iδj)2
)](
e−2φˆ
∂
∂e−2φˆ
− n
)
+
[
− 2δ1(iδj)2 + i
(
δ1(iδj)1 − δ2(iδj)2
)](
T2
∂
∂T
+ ξ2
∂
∂ξ
+
in
2
)
+
[
− 2δ1(iδj)2 − i
(
δ1(iδj)1 − δ2(iδj)2
)](
T2
∂
∂T¯
+ ξ2
∂
∂ξ¯
− in
2
)
−2
√
T2e
−φˆδ3(j
[(
δi)1 + iδi)2
) ∂
∂ξ
+
(
δi)1 − iδi)2
) ∂
∂ξ¯
]
= −2
[
δ1(iδj)1 − 1
2
(
δ2(iδj)2 + δ3(iδj)3
)](
ν
∂
∂ν
+ n
)
+
[
− 2δ2(iδj)3 + i
(
δ2(iδj)2 − δ3(iδj)3
)](
τ2
∂
∂τ
+B2
∂
∂B
+
in
2
)
+
[
− 2δ2(iδj)3 − i
(
δ2(iδj)2 − δ3(iδj)3
)](
τ2
∂
∂τ¯
+B2
∂
∂B¯
− in
2
)
+2
√
τ2
ν
δ1(i
[(
δj)3 − iδj)2
) ∂
∂B
+
(
δj)3 + iδj)2
) ∂
∂B¯
]
, (G.21)
where the explicit mapping from one coupling to another using (G.21) is given in the main
text. Note that
(D
(n)
(ij))
† = D
(n)
(ij), (G.22)
and
2D
(1)
(ij)D
(0)
(ij) = ∆. (G.23)
These generalized derivatives transform in a complicated way under SL(3,Z) transforma-
tions given by (5.14). Thus, for example, acting on an SL(3,Z) invariant automorphic form
g(0)(M) it gives D
(n)
(ij)g
(0)(M), which is not an automorphic form of any definite weight. This
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is evident from (G.21) because the various components transform differently. Of course,
though the explicit form of D
(n)
(ij) depends on how the SU(2) has been gauge fixed, the fact
that it does not produce automorphic forms is a gauge invariant statement.
The Eisenstein series defined by (G.17) diverges for s = 3/2, for the same reason as the
divergence in section (G.1), and is regularized in the same way. Thus we define
Eˆ3/2(M) = 2ζ(3)e
−2φˆ + 2Eˆ1(T, T¯ ) + 4πe
−φˆ
√
T 2
∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣K1(2π|mn|τ2)e2πimnτ1
+
2π
T2
∑
m6=0,p 6=0,n
1
|p|e
−2πT2|p(n−mτ)|+2πip(nT1−mξ1), (G.24)
which satisfies
∆Eˆ3/2(M) = 2π. (G.25)
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